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We present a new approach to describe the dynamics of an isolated, gravitationally bound astro-
nomical N-body system in the weak field and slow-motion approximation of the general theory of
relativity. Celestial bodies are described using an arbitrary energy-momentum tensor and assumed
to possess any number of internal multipole moments. The solution of the gravitational field equa-
tions in any reference frame is presented as a sum of three terms: i) the inertial flat spacetime in
that frame, ii) unperturbed solutions for each body in the system that is covariantly transformed
to the coordinates of this frame, and iii) the gravitational interaction term. We use the harmonic
gauge conditions that allow reconstruction of a significant part of the structure of the post-Galilean
coordinate transformation functions relating global coordinates of the inertial reference frame to
the local coordinates of the non-inertial frame associated with a particular body. The remaining
parts of these functions are determined from dynamical conditions, obtained by constructing the
relativistic proper reference frame associated with a particular body. In this frame, the effect of
external forces acting on the body is balanced by the fictitious frame-reaction force that is needed
to keep the body at rest with respect to the frame, conserving its relativistic three-momentum. We
find that this is sufficient to determine explicitly all the terms of the coordinate transformation.
The same method is then used to develop the inverse transformations. The resulting post-Galilean
coordinate transformations have an approximate group structure that extends the Poincare´ group
of global transformations to the case of accelerating observers in a gravitational field of N-body
system. We present and discuss the structure of the metric tensors corresponding to the refer-
ence frames involved, the rules for transforming relativistic gravitational potentials, the coordinate
transformations between frames and the resulting relativistic equations of motion.
PACS numbers: 03.30.+p, 04.25.Nx, 04.80.-y, 06.30.Gv, 95.10.Eg, 95.10.Jk, 95.55.Pe
I. INTRODUCTION
Recent experiments have successfully tested Einstein’s general theory of relativity in a variety of ways and to re-
markable precision [1, 2]. Diverse experimental techniques were used to test relativistic gravity in the solar system.
These included spacecraft Doppler tracking, planetary radar ranging, lunar and satellite laser ranging, as well as a
number of dedicated gravitational experiments in space and many ground-based efforts [2–5]. Given this phenomeno-
logical success, general relativity became the standard theory of gravitation, especially where the needs of astronomy,
astrophysics, cosmology and fundamental physics are concerned [2, 6]. The theory is used for many practical pur-
poses that involve spacecraft navigation, geodesy and time transfer. It is used to determine the orbits of planets and
spacecraft and to describe the propagation of electromagnetic waves in our solar system [2, 7, 8].
As we shall see, finding a solution to the Einstein’s gravitational field equations in the case of an unperturbed
one-body problem is quite a simple task. However, it turns out that a generalization of the resulting post-Newtonian
solution to a system of N extended arbitrary bodies is not so straightforward.
A neutral, pointlike test particle with no angular momentum follows a geodesic that is completely defined by the
external gravitational field. However, the coupling of the intrinsic multipole moments of an extended body to the
background gravitational field (present due to external gravitational sources), affects the equations of motion of such
a body. Similarly, if a test particle is spinning, its equations of motion must account for the coupling of the body’s
angular momentum to the external gravitational field. As a result, one must be able to describe the interaction
of a body’s intrinsic multipole moments and angular momentum with the surrounding gravitational field. Multipole
moments are well-defined in the local quasi-inertial reference frame, generalizing what was defined for the unperturbed
one-body problem [9]. While transforming these quantities from one coordinate frame to another, one should account
for the fact that the gravitational interaction is non-linear and, therefore, these moments interact with gravitational
fields, affecting the body’s motion.
When the pseudo-Riemannian geometry of the general theory of relativity is concerned, it is well known that
coordinate charts are merely labels. In fact, spacetime coordinates usually do not have direct physical meaning
and one has to formulate the observables as coordinate-independent quantities [9]. Thus, in order to interpret the
2results of observations or experiments, one picks a specific coordinate system, chosen for the sake of convenience
and calculational expediency, formulates a coordinate representation of a particular measurement procedure, and
then derives the corresponding observable needed to conduct and interpret the measurements. It is also known that
an ill-defined reference frame may lead to the appearance of non-physical terms that may significantly complicate
the interpretation of the data collected [10]. Therefore, in practical problems involving relativistic reference frames,
choosing the right coordinate system with clearly understood properties is of paramount importance, even as one
recognizes that, in principle, all (non-degenerate) coordinate systems are created equal [9].
Before one can solve the global problem (the motion of the entire N -body system), the local gravitational problem
(in the body’s vicinity) must be solved first. The correspondence of the global and local problems is established using
coordinate transformations by which representations of physical quantities are transformed from the coordinates of
one reference frame to another. It is understood (see [11–13] for discussion) that, in order to present a complete
solution for the N -body problem in the general theory of relativity, one must therefore find the solutions to the
following three intertwined problems:
1). The global problem: We must construct a global inertial frame, such as a barycentric inertial reference frame, for
the system under study. This frame can be used to describe the global translational motion of N extended bodies
comprising the system;
2). The local problem: For each body in the system, we must construct a local reference frame. This frame is used to
study the gravitational field in the vicinity of a particular body, to establish its internal structure and to determine
the features of its rotational motion; and finally,
3). A theory of coordinate reference frames: We must establish rules of coordinate transformations between the global
and local frames and use these rules to describe physical processes in either of the two classes of reference frames.
A prerequisite to solving the first two of these problems is knowing the transformation rules between global and
local reference frames. Thus, establishing the theory of astronomical reference frames and solving the equations of
motion for celestial bodies become inseparable.
Modern theories of relativistic reference frames [10, 13–19], dealing predominantly with the general theory of
relativity, usually take the following approach: Before solving the gravitational field equations, coordinate or gauge
conditions are introduced, which impose four restrictions on the components of the pseudo-Riemannian metric gmn.
This procedure extracts a particular subset from an infinite set of permissible spacetime coordinate charts. These
coordinate charts in the resulting subset are related by smooth, differentiable transformations that do not change the
imposed coordinate conditions [14]. A set of differential coordinate conditions used in leading theories of relativistic
reference systems, such as that recommended by the International Astronomical Union (see, for instance [9]), are
the harmonic gauge conditions. In addition, a set of specific conditions designed to fix a particular reference frame
is added to eliminate most of the remaining degrees of freedom, yielding an explicit form for the coordinate system
associated with either frame.
In a recent paper [20], we studied accelerating relativistic reference frames in Minkowski spacetime under the har-
monic gauge condition. We showed that the harmonic gauge, which has played a very prominent role in gravitational
physics ever since the work of Fock [21], allows us to present the accelerated metric in an elegant form that depends
only on two harmonic potentials. It also allows reconstruction of a significant part of the structure of the post-Galilean
coordinate transformation functions relating inertial and accelerating frames. In fact, using the harmonic gauge, we
develop the structure of both the direct and inverse coordinate transformations between inertial and accelerated ref-
erence frames. Such a complete set of transformations cannot be found in the current literature, since usually either
the direct [9, 13] or the inverse [15] transformation is developed, but not both at the same time. A unique form for
these coordinate transformation functions were determined from dynamical conditions, obtained by constructing the
relativistic proper reference frame of an accelerated test particle. In this frame, the effect of external forces acting
on the observer are balanced by the fictitious frame-reaction force that is needed to keep the test particle at rest
with respect to the frame, conserving its relativistic three-momentum. We find that this is sufficient to determine
explicitly all the terms of the coordinate transformations. The same method is then used to develop the inverse
transformations. The resulting post-Galilean coordinate transformations exhibit an approximate group structure that
extends the Poincare´ group of global spacetime transformations to the case of arbitrarily accelerated observers moving
in a gravitational field.
In the present paper we continue the development of this method and study the dynamics of a gravitationally bound
astronomical N -body system. To constrain the available degrees of freedom, we will again use the harmonic gauge.
Using the harmonic gauge condition, we develop the structure of both the direct and inverse harmonic coordinate
transformations between global and local reference frames. The method presented in this paper could help with
the generalization of contemporary theories of relativistic reference frames and with dealing naturally with both
3transformations and the relevant equations of motion in a unified formalism. Finally, the method we present does
not rely on a particular theory of gravitation; instead, it uses covariant coordinate transformations to explore the
dynamics in spacetime from a general perspective. Thus, any description from a standpoint of a metric theory of
gravity must have our results in the general relativistic limit.
The outline of this paper is as follows:
In Sec. II we introduce notation and briefly study the trivial case of a single unperturbed body, followed by a
description of the motion of a system of N weakly interacting, self-gravitating, deformable bodies by generalizing
the approximate Lorentz transformations. This is accomplished by introducing acceleration-dependent terms in the
coordinate transformations. The resulting transformation is given in a general form that relies on a set of functions
that are precisely determined in the subsequent sections.
The local coordinate system of an accelerated observer is not unique. We use the harmonic gauge to constrain the set
of co-moving coordinate systems in the accelerated reference frame. We carry out this task and determine the metric
tensor describing the accelerated reference frame and the structure of the coordinate transformations that satisfy the
harmonic gauge conditions. We recover the well-known, elegant result that the metric in the accelerated frame has
a form that depends only on two harmonic potentials, which yields a powerful tool that allows the reconstruction,
presented in Sec. III, of a significant part of the structure of the post-Galilean coordinate transformation functions
between inertial and accelerating frames.
To fix the remaining degrees of freedom and to specify the proper reference frame of an accelerated observer, we
introduce a set of dynamical conditions in Section IV. Specifically, we require that the relativistic three-momentum
in the coordinate frame of the accelerated observer must be conserved. This conservation introduces the necessary
additional constraints to determine uniquely all remaining terms.
A similar approach can also be carried out in reverse, establishing coordinate transformation rules from an accel-
erating to an inertial reference frame, which is done in Sec. V. Key to the approach presented in this section is the
use of the contravariant metric for the accelerating frame, which leads in a straightforward manner to the inverse
Jacobian matrix, allowing us to present the inverse transformations in which the roles of the inertial and accelerating
coordinates are reversed. Although the calculations are formally very similar to those presented in Secs. II D and IV,
subtle differences exist; for this reason, and in order to keep Sec. V as self-contained as possible, we opted in favor of
some repetitiveness.
We conclude by discussing these results and presenting our recommendations for future research in Section VI. We
also show the correspondence of our results to those obtained previously by other authors.
II. MOTION OF AN ISOLATED N-BODY SYSTEM
Our first goal is to investigate the case of N bodies, forming a gravitationally bound system that is isolated, i.e.,
free of external gravitational fields, described by a metric that is asymptotically flat. Thus, sufficiently far from the
N -body system the structure of its gravitational field should resemble that of the one-body system.
A. The unperturbed one-body system
From a theoretical standpoint, general relativity represents gravitation as a tensor field with universal coupling to
the particles and fields of the Standard Model. It describes gravity as a universal deformation of the flat spacetime
Minkowski metric, γmn:
gmn(x
k) = γmn + hmn(x
k). (1)
Alternatively, it can also be defined as the unique, consistent, local theory of a massless spin-2 field hmn, whose source
is the total, conserved energy-momentum tensor (see [22, 23] and references therein).1
1 The notational conventions employed here are those used by Landau and Lifshitz [24]: Letters from the second half of the Latin alphabet,
m,n, ... = 0...3 denote spacetime indices. Greek letters α, β, ... = 1...3 denote spatial indices. The metric γmn is that of Minkowski
spacetime with γmn = diag(+1,−1,−1,−1) in the Cartesian representation. The coordinates are formed such that (ct, r) = (x0, xα),
where c is the velocity of light. We employ the Einstein summation convention with indices being lowered or raised using γmn. Round
brackets surrounding indices denote symmetrization and square brackets denote anti-symmetrization. A dot over any function means
a differentiation with respect to time t, defined by x0 = ct. We use negative powers of c as a bookkeeping device for order terms;
g
[k]
mn, k = 1, 2, 3... denotes the k-th term in the series expansion of the metric tensor. Other notations will be explained in the paper.
4Classically [25–27], the general theory of relativity can be defined by postulating the action describing the gravita-
tional field and its coupling to matter fields. Absent a cosmological constant, the propagation and self-interaction of
the gravitational field is described by the action
SG[gmn] = c
4
16πG
∫
d4x
√−gR, (2)
where G is Newton’s constant, gmn is the inverse of gmn, g = det gmn, R is the trace of the Ricci tensor that in turn
is given by Rmn = ∂kΓ
k
mn− ∂mΓknk+ΓkmnΓlkl−ΓkmlΓlnk, and Γkmn = 12gkp(∂mgpn+ ∂ngpm− ∂pgmn) are the Christoffel
symbols.
The coupling of gmn to all matter fields (this would generally mean all the fields of the Standard Model of particle
physics, represented below symbolically by various gauge fields, fermions and the Higgs doublet as ψ, Am and H) is
accomplished by using it to replace the Minkowski metric everywhere [2]. Varying the total action
Stot[ψ,Am, H ; gmn] = SG[gmn] + SSM[ψ,Am, H ; gmn], (3)
with respect to gmn, we obtain Einstein’s field equations for gravity:
Rmn =
8πG
c4
(
Tmn − 1
2
gmnT
)
, (4)
where Tmn = (2/
√−g)δLSM/δgmn is the (presumed to by symmetric) energy-momentum tensor of matter, represented
by the Lagrangian density LSM. As the density of the Einstein tensor is conserved, namely ∇k[√−g(Rmk− 12gmkR)] =
0, it follows that the density of the energy-momentum tensor of matter
√−gTmn is also conserved, obeying the
following covariant conservation equation:
∇k
(√−gTmk) = 0. (5)
Einstein’s equations (4) connect the geometry of a four-dimensional pseudo-Riemannian manifold representing
spacetime to the stress-energy-momentum of matter contained in that spacetime. The theory is invariant under
arbitrary coordinate transformations: x′m = fm(xn). This freedom to choose coordinates allows us to introduce
gauge conditions that may help with solving the field equations (4). For instance, in analogy with the Lorenz gauge
(∂mA
m = 0) of electromagnetism, the harmonic gauge corresponds to imposing the condition [21]:
∂n
(√−ggmn) = 0. (6)
We can now proceed with finding a solution to the Einstein’s equations (4) that satisfy the harmonic gauge (6).
B. Solution to the unperturbed one-body problem
Equations (4) are a set of non-linear hyperbolic-type differential equations of the second order with respect to
the metric tensor of the pseudo-Riemannian spacetime. This non-linearity makes finding a solution to this set of
equations in the general case a complicated problem. No analytical solution to this problem is known; therefore, a full
numerical treatment is needed. Depending on a particular situation, one usually introduces relevant small parameters
and develops a solution iteratively.
When studying a problem in the weak gravitational field and slow motion approximation, one often uses the ratio v/c
of the coordinate velocity v of the bodies to the speed of light c, expressed, e.g., in the N -body system’s barycentric
coordinate frame. For the bodies of the solar system this ratio is a small parameter and typically is of the order
v/c ≈ 10−4. Since we are considering a gravitationally bound N -body system in the weak field and slow motion
approximation, the gravitational potential energy is linked to v/c by the virial theorem: v2/c2 ∼ GM/(c2R) [21, 28],
with M being the mass of the body, while R is a typical distance between bodies. Under these assumptions, we can
introduce a scheme of post-Newtonian expansions of various physical quantities, using the dimensioned parameter
c−1 as a bookkeeping device for order terms. Thus, when we write y0 + c
−2K, for instance, this implies that c−2K
is of order (v/c)2y0, which remains small relative to y0. The resulting post-Newtonian approximation (PNA) scheme
deals with slowly moving bodies having weak gravitational fields, which makes it very appropriate for constructing
the theory of the relativistic reference frames in the solar system.
To find the solution of the gravitational field equations in the first post-Newtonian approximation (1PNA) of the
general theory of relativity (for details, consult [1, 21]), we expand the metric tensor gmn given by Eq. (1):
g00 = 1 + c
−2g
[2]
00 + c
−4g
[4]
00 +O(c−6), (7)
5g0α = c
−3g
[3]
0α +O(c−5), (8)
gαβ = γαβ + c
−2g
[2]
αβ +O(c−4), (9)
where γαβ = (−1,−1,−1) is the spatial part of the Minkowski metric γmn. Note that g0α starts with a term of order
c−3, which is the lowest order gravitational contribution to this component. The c−2 term g00 in (7) is the Newtonian
term, while the remaining terms represent the 1PNA order [10–12].
In our calculations we constrain the remaining coordinate freedom in the field equations by imposing the covariant
harmonic gauge conditions in the form of Eq. (6). Thus, for n = 0 and n = α, we correspondingly have (see also
Appendix B.2 in Ref. [12]):
1
2
c∂0
(
γǫνg[2]ǫν − g[2]00
)
− ∂νg[3]0ν = O(c−5), (10)
1
2
∂α
(
g
[2]
00 + γ
ǫνg[2]ǫν
)
− γαµ∂νg[2]µν = O(c−4). (11)
The metric tensor given by Eqs. (7)–(9) and the gauge conditions given by Eqs. (10)–(11) allow one to simplify the
expressions for the Ricci tensor and to present its contravariant components Rmn = gmkgnlRkl in the following form:
R00 =
1
2

(
c−2g[2]00 + c−4
{
g[4]00 − 12
(
g[2]00
)2})
+ c−4
1
2
(
g[2]ǫλ + γǫλg[2]00
)
∂ǫ∂λg
[2]00 +O(c−6), (12)
R0α = c−3
1
2
∆g[3]0α +O(c−5), (13)
Rαβ = c−2
1
2
∆g[2]αβ +O(c−4), (14)
where  = γmn∂m∂n = ∂
2
00 +∆ and ∆ = ∂ǫ∂
ǫ are the d’Alembert and Laplace operators of the Minkowski spacetime
correspondingly.
To solve the gravitational field equations (4), we need to specify the form of the energy-momentum tensor. However,
it is sufficient to make only some very general assumptions on the form of this tensor that are valid within the post-
Newtonian approximation. Indeed, we will only assume that the components of the energy-momentum tensor, Tmn,
have the following form:
T 00 = c2
(
T [0]00 + c−2T [2]00 +O(c−4)
)
, T 0α = c
(
T [1]0α +O(c−2)
)
, Tαβ = T [2]αβ +O(c−2). (15)
This form is sufficient to construct an iterative solution scheme in the post-Newtonian approximation of the general
theory of relativity leaving the precise form of the energy-momentum tensor Tmn unspecified. These assumptions
allow us to present the “source term”, Smn = Tmn − 12gmnT , on the right-hand side of Eq. (4) in the following form:
S00 =
1
2
c2
(
σ +O(c−4)
)
, (16)
S0α = c
(
σα − c−2 1
2
σg[3]0α +O(c−4)
)
, (17)
Sαβ = −1
2
c2
(
γαβ + c−2
(
γαβg
[2]
00 + g
[2]αβ
))
σ + σαβ +O(c−2), (18)
where we have introduced the scalar, vector, and shear densities σ, σα, and σαβ :
σ = T [0]00 + c−2
(
T [2]00 − γµλT [2]µλ
)
+O(c−4) ≡ 1
c2
(
T 00 − γµλT µλ
)
+O(c−4), (19)
σα = T [1]0α + c−2T [3]0α +O(c−4) ≡ 1
c
T 0α +O(c−4), (20)
σαβ = T [2]αβ − γαβγµλT [2]µλ +O(c−2) ≡ Tαβ − γαβγµλT µλ +O(c−2). (21)
We can now express the stress-energy tensor Tmn in terms of σmn introduced by Eq. (19)–(21):
T 00 = c2σ − 1
2
γµλσ
µλ +O(c−2), T 0α = c
(
σα +O(c−4)
)
, Tαβ = σαβ − γαβ 1
2
γµλσ
µλ +O(c−2). (22)
Substituting the expressions (12)–(14) for the Ricci tensor together with the source term Smn given by Eqs. (16)–
(21) into the field equations (4) of the general theory of relativity, we obtain the following equations to determine the
components of the metric tensor in the post-Newtonian approximation:

{ 1
c2
g[2]00 +
1
c4
(
g[4]00 − 12
(
g[2]00
)2)}
+
1
c4
(
g[2]ǫλ + γǫλg[2]00
)
∂ǫ∂λg
[2]00 =
8πG
c2
σ +O(c−6), (23)
61
c3
∆g[3]0α =
16πG
c3
σα +O(c−5), (24)
1
c2
∆g[2]αβ = −γαβ 8πG
c2
σ +O(c−4). (25)
We assume that spacetime is asymptotically flat (no external gravitational field far from the body) and there is
no gravitational radiation coming from outside the body. In terms of perturbations of the the Minkowski metric
hmn = gmn − γmn introduced by Eq. (1), the corresponding two boundary conditions [21] have the form
lim
r→∞
t+r/c=const
hmn = 0 and limr→∞
t+r/c=const
[
(rhmn),r + (rhmn),0
]
= 0. (26)
Multiplying Eq. (23) by γαβ and summing the result with Eq. (25) allows one to determine g[2]αβ+γαβg[2]00 = O(c−2),
which was derived using the boundary conditions (26). As a result, the system of equations (23)–(25) can equivalently
be re-written in the following form:

( 1
c2
g[2]00 +
1
c4
{
g[4]00 − 12
(
g[2]00
)2})
=
8πG
c2
σ +O(c−6), (27)
1
c3
∆g[3]0α =
16πG
c3
σα +O(c−5), (28)
g[2]αβ + γαβg[2]00 = O(c−2). (29)
The solution to this system of equations may be given as below (see also [13] and references therein):
g00 = 1 +
2w
c2
+
2w2
c4
+O(c−6), g0α = 4w
α
c3
+O(c−5), gαβ = γαβ − γαβ 2w
c2
+O(c−4), (30)
where the scalar and vector gravitational potentials w and wα are determined from the following harmonic equations:
w = 4πGσ +O(c−4), ∆wα = 4πGσα +O(c−2), (31)
which, according to the harmonic gauge conditions (10)–(11) and the energy-momentum conservation equation (5),
satisfy the following two Newtonian continuity equations
c∂0w + ∂ǫw
ǫ = O(c−2) and c∂0σ + ∂ǫσǫ = O(c−2). (32)
Assuming that spacetime is asymptotically flat in the sense of Eq. (26), one can write a solution for w and wα
in terms of the advanced and retarded potentials. The recommended solution [9], half advanced and half retarded,
reads
w(t,x) = G
∫
d3x′
σ(t,x′)
|x− x′| +
1
2c2
G
∂2
∂t2
∫
d3x′σ(t,x′)|x− x′|+O(c−3), (33)
wα(t,x) = G
∫
d3x′
σα(t,x′)
|x− x′| +O(c
−2). (34)
These are symmetrical solutions for the post-Newtonian potentials, different from those resulting from the imposition
of the no-incoming-wave condition (26). It is legitimate to resort to these solutions only because the difference between
them and the retarded solutions is a pure gauge effect at this level of accuracy [9].
Finally, we can present the unperturbed solution for an isolated one-body problem in terms of Minkowski metric
perturbations hmn introduced by Eq. (1) as below:
gmn = γmn + h
(0)
mn,
h
(0)
00 = −
2w
c2
+
2w2
c4
+O(c−6), h(0)0α = −γαλ
4wλ
c3
+O(c−5), h(0)αβ = γαβ
2w
c2
+O(c−4). (35)
Equations (35) represent the well-known solution for the one-body problem in the general theory of relativity
[1, 2, 22]. The new method, presented here, relies on the properties of this solution in developing a perturbation
theory needed to find a solution in the case of the N -body problem.
7C. Ansatz for the N-body problem
To describe the dynamics of the N -body problem we introduce N+1 reference frames, each with its own coordinate
chart. We need a global coordinate chart {xm} defined for an inertial reference frame that covers the entire system
under consideration. In the immediate vicinity of each body b in the N -body system, we can also introduce a chart
of local coordinates {ymb } defined in the frame associated with this body. In the remainder of this paper, we use {xm}
to represent the coordinates of the global inertial frame and {ymb } to be the local coordinates of the frame associated
with a particular body b.
First, we assume that the studied N -body system is isolated and, similarly to the one-body problem, there exists a
barycentric inertial system (with global coordinates denoted as xk ≡ (ct,x)) that resembles the properties of the one-
body problem discussed above. Namely, the metric tensor gmn(x
k), describing the N -body system in that reference
frame, is asymptotically flat (no gravitational fields far from the system) and there is no gravitational radiation coming
from outside the system.
Therefore, in terms of the perturbations of the Minkowski metric, hmn = gmn − γmn, the boundary conditions are
identical to those given by (26) and, in the case of the N -body problem can be given as below:
lim
r→∞
t+r/c=const
hmn = 0 and lim
r→∞
t+r/c=const
[
(rhmn),r + (rh
mn),0
]
= 0, (36)
which expresses the fact that no “exterior” wave is coming into the system from past null infinity (valid for all local
frames introduced in the vicinity of the N bodies constituting the system).
The boundary condition (36) above entails some subtleties. We note that, even if the post-Minkowskian metric
perturbations are bound to decay at future null infinity, their post-Newtonian expansion may formally diverge as
r → ∞ (in an asymptotically inertial frame). At the 1PNA, this does not cause any trouble since wb and wαb have
both compact support, but at higher order, some piece of the metric may actually blow up when r increases. This
simply reflects the fact that the post-Newtonian approximation is only valid in the near zone.
Second, we assume that there exists a local reference frame (with coordinates denoted as ykb ≡ (ctb,yb)) associated
with each body b in the N -body system. We further assume that there exists a smooth transformation connecting
coordinates ykb chosen in this local reference frame to coordinates x
k in the global inertial frame. In other words, we
assume that there exist both direct xk = gkb (y
l
b) and inverse y
k
b = f
k
b (x
l) coordinate transformation functions between
the two reference frames. Our objective is to construct these transformations in explicit form.
The most general form of the post-Galilean coordinate transformations between the non-rotating reference frames
defined by global coordinates xk ≡ (x0, xα), and local coordinates yka ≡ (y0a, yαa ), introduced at the vicinity of a body
a from the N -body system, may be given in the following form [12, 20]:
x0 = y0a + c
−2Ka(y0a, yǫa) + c−4La(y0a, yǫa) +O(c−6)y0a, (37)
xα = yαa + z
α
a0(y
0
a) + c
−2Qαa (y0a, yǫa) +O(c−4), (38)
where zµa0 ≡ zαa0(y0a) is the Galilean vector connecting the spatial origins of the two non-rotating frames, and we
introduce the post-Galilean vector xµa0(y
0
a) connecting the origins of the two frames
xµa0(y
0
a) = z
µ
a0 + c
−2Qµa(y0a, 0) +O(c−4). (39)
The functions Ka,La and Qµa are yet to be determined.
The local coordinates {yma } are expected to remain accurate in the neighborhood of the world-line of the body
being considered. The functions Ka,La and Qµa should contain the information about the specific physical properties
of the reference frame chosen for the analysis and must depend only on the mutual dynamics between the reference
frames, i.e., velocity, acceleration, etc. Furthermore, we would like these transformations to be smooth, which would
warrant the existence of inverse transformations (introduced below and discussed in details in Sec. V).
The coordinate transformation rules for the general coordinate transformations above are easy to obtain and express
in the form of the Jacobian matrix ∂xm/∂yna . Using Eqs. (37)–(38), we get:
∂x0
∂y0a
= 1 + c−2
∂Ka
∂y0a
+ c−4
∂La
∂y0a
+O(c−6), ∂x
0
∂yαa
= c−2
∂Ka
∂yαa
+ c−4
∂La
∂yαa
+O(c−5), (40)
∂xα
∂y0a
=
vαa0
c
+ c−2
∂Qαa
∂y0a
+O(c−5), ∂x
α
∂yµa
= δαµ + c
−2 ∂Qαa
∂yµa
+O(c−4), (41)
where vǫ0a = z˙
ǫ
0a ≡ cdzǫ0a/dy0a is the time-dependent velocity of the frame a relative to the barycentric inertial frame.
8The transformations given by Eqs. (37)–(38) transform space and time coordinates from the global, inertial frame
{xm} to space and time coordinates in the local, accelerating reference frame {yma }. These transformations are not
singular in those regions where the post-Galilean approximation remains valid. To check this, we can verify that the
determinant of the Jacobian matrix does not vanish [15]:
det
( ∂xk
∂yma
)
= 1 + c−2
{∂Ka
∂y0a
− vλa0
∂Ka
∂yλa
+
∂Qµa
∂yµa
}
+O(c−4). (42)
This guarantees the invertibility of the Jacobian matrix and hence, the existence of the inverse transformations.
The corresponding inverse transformations between local, {yka} = (y0a, yǫa), and global, {xk} = (x0, xǫ), coordinates
(further discussed in Sec. V) are given by
y0a = x
0 + c−2Kˆa(x0, xǫ) + c−4Lˆa(x0, xǫ) +O(c−6)x0, (43)
yαa = x
α − zαa0(x0) + c−2Qˆαa (x0, xǫ) +O(c−4), (44)
where zµa0(x
0) is the Galilean position vector of the body a, expressed as a function of global time, x0.
Although, the “hatted” functions (Kˆa, Lˆa, Qˆαa ) are yet unknown, we can verify that, in order for Eqs. (43)–(44) to be
inverse to Eqs. (37)–(38), these functions must relate to the original set of (Ka,La,Qαa ) via the following expressions:
Kˆa(xk) = −Ka(x0, rǫa) +O(c−4), (45)
Qˆαa (xk) = (vαa0/c)Ka(x0, rǫa)−Qαa (x0, rǫa) +O(c−2), (46)
Lˆa(xk) = ∂Ka(x
0, rǫa)
∂x0
Ka(x0, rǫa) +
∂Ka(x0, rǫa)
∂xλ
Qλa(x0, rǫa)− La(x0, rǫa) +O(c−2), (47)
with rǫa = x
ǫ − xǫa0 , where xµa0(x0) is the post-Galilean position vector of the body a expressed as a function of the
global time-like coordinate x0 (as opposed to Eq. (39), which is given in local time y0a) defined as
xµa0(x
0) = zµa0 − c−2Qˆµa(x0, 0) +O(c−4). (48)
Also, vαa0 = z˙
α
a0(x
0) is the velocity of the body a as seen from the global inertial frame.
The inverse of the Jacobian matrix (40)–(41), ∂yna/∂x
m, can be obtained directly from (43)–(44):
∂y0a
∂x0
= 1 + c−2
∂Kˆa
∂x0
+ c−4
∂Lˆa
∂x0
+O(c−6), ∂y
0
a
∂xα
= c−2
∂Kˆa
∂xα
+ c−4
∂Lˆa
∂xα
+O(c−5), (49)
∂yαa
∂x0
= −v
α
a0
c
+ c−2
∂Qˆαa
∂x0
+O(c−5), ∂y
α
a
∂xµ
= δαµ + c
−2 ∂Qˆαa
∂xµ
+O(c−4). (50)
Similarly to (42), the condition of a non-vanishing determinant of the inverse Jacobian matrix det
(
∂yna/∂x
m
)
de-
termines the area of applicability of the coordinate transformations Eqs. (43)–(44). As was shown in [15] such area
covers the entire solar system, which is more than adequate for our purposes.
Third, we will search for the solution of the gravitational field equations, gmn, in the case of N -body problem within
the general theory of relativity in the global inertial (barycentric) coordinate frame in the following form:
gmn(x) = γmn(x) +
N∑
b=1
∂xm
∂ykb
∂xn
∂ylb
hklb(0)(yb(x)) + h
mn
int (x), (51)
where the terms on the right-hand side have the following meaning:
• The first term, γmn(x) = (1,−1,−1,−1), is the contravariant form of the Minkowski metric of flat spacetime;
• The second term is a summation term representing the superposition of the unperturbed one-body solutions
hklb(0) given by Eqs. (35) for each body b in the N -body system, which were covariantly transformed to the
barycentric frame by coordinate transformations (37)–(38);
• Finally, the last term, hmnint , represents the gravitational interaction between the bodies in the N -body system. It
is expected that the interaction term is at least of the second order in the gravitational constant, hmnint ∝ G2 ≈ c−4;
this assumption will be used in our approximation method.
9Note that the contravariant components2 of the metric tensor gmn allow us to rely directly on the form of the
coordinate transformation xm = fm(yka) from Eqs. (37)–(38) and the associated Jacobian matrix ∂x
m/∂yna given
by (40)–(41). Because of the metric nature of the general theory of relativity, Eq. (51) is valid for any admissible
covariant coordinate transformations xm = fm(ykb ). As, at this stage, we already know the unperturbed one-body
solution hklb(0), which is given for each body b in the form of Eqs. (35), the only unknown part of the ansatz is the
gravitational interaction term, hmnint , which will be determined in Sec. II E.
The form of the iterative solution for N -body metric given by Eq. (51) was inspired by a successful perturbation
theory approach of high-energy physics. In that approach, a solution for a system of interacting fields is sought in
the form of a sum of the unperturbed solutions for each of the field in the system, plus the interaction term. The
fact that the line element, formed using the metric tensor, represents a Lagrangian for test particles (see discussion
in Sec. IVA), allows one to develop an iterative solution in the case of N interacting bodies based on the principles
of the perturbation theory approach.
Fourth, we impose the harmonic gauge conditions given by Eq. (6), ∂m(
√−ggmn) = 0, on the N -body metric tensor
gmn given by Eq. (51), in both the global and local frames. As we will see in the following section, this condition
that is imposed on the metric tensor leads to the requirement that the transformation functions (37)–(38) must be
harmonic. Below we investigate the impact of the harmonic gauge on the transformation functions Ka,La and Qµa
and the inverse transformation functions Kˆa, Qˆa and Lˆa.
D. Imposing the harmonic gauge conditions
The dynamical condition, i.e., the requirement that the spatial origin of the transformed system of coordinates
xm = f(ym) is to move along a specific world-line, does not uniquely define ym. The existence of this coordinate
freedom allows us to impose the harmonic gauge condition on the metric density g˜mn =
√−ggmn in the local frame:
∂
∂yma
(√−ggmn) = 0. (52)
The vanishing of the covariant derivative of the metric tensor (i.e., (
√−ggmn);m = (∂/∂yma )(
√−ggmn)+√−ggklΓnkl =
0, where Γnmk are the Christoffel symbols associated with the metric tensor gmn in the moving frame {yma }, and the
semicolon represents covariant differentiation with respect to the coordinates, allows us to present Eq. (52) in the
following equivalent form:
gklΓnkl = 0. (53)
Furthermore, remembering the rules of transformation of the Christoffel symbols under general coordinate transfor-
mations, we can see that (53) is equivalent to imposing the harmonic conditions on the transformation functions in
Eqs. (37)–(38):
yx
m = 0, (54)
where y = (
√−g)−1(∂/∂yma )(
√−ggmn∂/∂yna ) denotes the d’Alembertian with respect to {yna} acting on xm, which
are treated as individual scalar functions.
Conversely, we also impose the harmonic gauge conditions on the inverse transformation:
∂
∂xm
(√−ggmn) = 0 and xyma = 0, (55)
where x = (
√−g)−1(∂/∂xm)(√−ggmn∂/∂xn) denotes the d’Alembertian with respect to global coordinates {xm}
acting on the scalar functions yma .
Therefore, on the one hand, the harmonic gauge imposes restrictions on the partial derivatives of the metric tensor,
as seen in Eq. (52). On the other hand, it restricts the choice of admissible coordinate transformations only to
those that satisfy the harmonic equation (54). These two consequences of imposing the harmonic gauge will be used
to establish the structure that the metric tensor, which will be given by Eqs. (129)–(131), must satisfy under the
harmonic coordinate transformations (37)–(38). The harmonic gauge also constrains the form of the transformation
functions (Ka,La,Qαa ). Below we explore this important dual role of the harmonic gauge in more detail.
2 Clearly, one can use the covariant form of the metric tensor, gmn, instead of the contravariant form as in Eq. (51), together with the
coordinate transformations given by Eqs. (43)-(44) (as was explored in [12]), and obtain identical results. We choose this approach for
computational expediency based on the convenience of using results for the one-body problem from Sec. II B and the form of the direct
coordinate transformations (37)–(38).
10
1. Constraining degrees of freedom in the metric tensor
To study the harmonic gauge conditions we will use a complete form of the metric tensor (7)–(9), where the
component g0α = c
−1g
[1]
0α + c
−3g
[3]
0α + O(c−5) has the leading term of c−1 order that is of inertial nature [20]. As a
result, the harmonic gauge conditions (52) yield the following set of partial differential equations for g˜mn =
√−ggmn:
∂
∂y0a
{
c−2g˜[2]00 +O(c−4)
}
+
∂
∂yǫa
{
c−1g˜[1]ǫ0 + c−3g˜[3]ǫ0 +O(c−5)
}
= 0, (56)
∂
∂y0a
{
c−1g˜[1]0α +O(c−3)
}
+
∂
∂yǫa
{
c−2g˜[2]ǫα +O(c−4)
}
= 0, (57)
where we use bracketed superscript indices in the form g˜[k]mn to denote order terms with respect to inverse powers of
c−k, as discussed in the previous section. Grouping terms by order in these equations, we obtain the following set of
equations on the metric components:
∂
∂yǫa
g˜[1]ǫ0 = O(c−4), (58)
c
∂
∂y0a
g˜[2]00 +
∂
∂yǫa
g˜[3]ǫ0 = O(c−2), (59)
c
∂
∂y0a
g˜[1]0α +
∂
∂yǫa
g˜[2]ǫα = O(c−2), (60)
where the metric density components in the expressions above can be expressed via the covariant metric as
g˜[1]0α = −γανg[1]0ν , (61)
g˜[2]00 = −1
2
{
g
[2]
00 − γǫλ
(
g
[2]
ǫλ + g
[1]
0ǫ g
[1]
0λ
)}
, (62)
g˜[3]0α = −γαν
{
g
[3]
0ν +
1
2
g
[1]
0ν
(
γǫλ
(
g
[2]
ǫλ + g
[1]
0ǫ g
[1]
0λ
)− g[2]00
)
− γǫλg[1]0ǫ g[2]νλ
}
, (63)
g˜[2]αβ = −γαǫγβλ
(
g
[2]
ǫλ − g[1]0ǫ g[1]0λ
)
+
1
2
γαβ
(
g
[2]
00 + γ
ǫλ
(
g
[2]
ǫλ − g[1]0ǫ g[1]0λ
))
. (64)
As a result, the harmonic conditions Eqs. (58)–(60) take the following form:
∂
∂yaǫ
g
[1]
0ǫ = O(c−4), (65)
1
2
c
∂
∂y0a
{
g
[2]
00 − γǫλ
(
g
[2]
ǫλ + g
[1]
0ǫ g
[1]
0λ
)}
+
∂
∂yaν
{
g
[3]
0ν +
1
2
g
[1]
0ν
(
γǫλ
(
g
[2]
ǫλ + g
[1]
0ǫ g
[1]
0λ
)− g[2]00
)
− γǫλg[1]0ǫ g[2]νλ
}
= O(c−2), (66)
c
∂
∂y0a
g
[1]
0α +
∂
∂yaβ
{
g
[2]
αβ − g[1]0αg[1]0β −
1
2
γαβ
(
g
[2]
00 + γ
ǫλ
(
g
[2]
ǫλ − g[1]0ǫ g[1]0λ
))}
= O(c−2). (67)
A general solution to Eq. (65) may be presented in the form below:
g
[1]
0α(ya) = µα(y
0
a) + ǫαν(y
0
a)y
ν
a +O(c−4), (68)
where µα and ǫαν (with ǫαν = −ǫνα) are arbitrary functions of the time-like coordinate y0a. The function µα may be
interpreted as a rate of time shift in the chosen reference frame, while ǫαν represents a rotation and a uniform shear of
the coordinate axis. By an additional gauge transformation of the coordinates to a co-moving reference frame, we can
always eliminate µα without loss of generality. We can also require the proper reference frame of a moving observer
to exhibit no Newtonian rotation or shear of its coordinate axes. In addition to the fact that the leading term in
the mixed components of the energy-momentum tensor is of the order S0α ∝ c (see Eq. (138) below), in terms of the
metric tensor, these two physical conditions are equivalent to a requirement that all mixed components of the metric
tensor of the proper reference frame at the c−1 order vanish. This represents the anticipated behavior of the metric
as r → ∞, allowing us to derive the conditions on g0α and gαβ from the no-incoming-wave condition (36). In other
words, g
[1]
0α has the form:
g
[1]
0α = O(c−4). (69)
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This condition leads to a significant simplification of the system of equations (65)–(67):
g
[1]
0α = O(c−4), (70)
1
2
c
∂
∂y0a
{
g
[2]
00 − γǫλg[2]ǫλ
}
+
∂
∂yaν
g
[3]
0ν = O(c−2), (71)
∂
∂yaβ
{
g
[2]
αβ −
1
2
γαβ
(
g
[2]
00 + γ
ǫλg
[2]
ǫλ
)}
= O(c−2). (72)
We note that, typically, researchers use only the last two of these equations. As we discussed above, the gauge
conditions are used to constrain the Ricci tensor’s degrees of freedom. For these purposes the harmonic gauge
conditions (52) reduce to the following two equations (identical to Eqs. (10)–(11)):
1
2
c
∂
∂y0a
(
γǫνg[2]ǫν − g[2]00
)
− ∂
∂yaν
g
[3]
0ν = O(c−2), (73)
1
2
∂
∂yaα
(
g
[2]
00 + γ
ǫνg[2]ǫν
)
− γαµ ∂
∂yaν
g[2]µν = O(c−2). (74)
However, as we shall see shortly, the harmonic gauge conditions offer more than is typically used. Below we shall
explore these additional possibilities. For this, by formally integrating Eq. (72), we get
g
[2]
αβ −
1
2
γαβ
(
g
[2]
00 + γ
ǫλg
[2]
ǫλ
)
= µαβ(y
0) +O(c−2), (75)
where the symmetric tensor µαβ is an arbitrary function of the time-like coordinate y
0 only, representing a uniform
scale expansion of the spatial part of the symmetric metric gmn. After some algebra, Eq. (75) may be rewritten in
the following form
g
[2]
αβ + γαβg
[2]
00 = µαβ(y
0
a)− γαβγǫλµǫλ(y0a) +O(c−2). (76)
The asymptotic boundary conditions (36), representing the assumption that no incoming waves fall on the system,
require that the arbitrary function of time µαβ that enters Eq. (76) must be zero, namely µαβ(y
0
a) = 0. Therefore,
the chosen coordinates are isotropic, and we are led to the following form of the gauge conditions (70)–(72):
g
[1]
0α = O(c−4), (77)
2c
∂
∂y0a
g
[2]
00 +
∂
∂yaν
g
[3]
0ν = O(c−2), (78)
g
[2]
αβ + γαβg
[2]
00 = O(c−2). (79)
Compare these new expressions for the harmonic gauge conditions in the 1PNA to those given by Eqs. (10)–(11).
Although both forms are similar, Eqs. (77)–(79) were obtained relying on the asymptotic boundary conditions (36)
and, thus, offer more insight regarding the properties of the metric tensor.
Equivalently, for the contravariant form of the metric from Eq. (55), we obtain:
g[1]0α = O(c−4), (80)
2c
∂
∂x0
g[2]00 +
∂
∂xν
g[3]0ν = O(c−2), (81)
g[2]αβ + γαβg[2]00 = O(c−2). (82)
The two sets of gauge conditions presented above restrict the components of the same metric tensor in coordinates
introduced in local and global frames. The gauge conditions in this form establish the foundation of our method of
constructing a proper reference frame of a moving observer in the gravitational N -body problem.
2. Constraining the form of the admissible coordinate transformations
We now explore the alternative form of the harmonic gauge given by Eq. (54). Substituting the coordinate transfor-
mations (37)–(38) into Eq. (54), we can see that the harmonic gauge conditions restrict the coordinate transformation
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functions Ka,La and Qαa (as opposed to restricting the components of the metric tensor, discussed in Sec. II D 1) such
that they must satisfy the following set of second order partial differential equations:
γǫλ
∂2Ka
∂yǫa∂y
λ
a
= O(c−4), (83)
c2
∂2Ka
∂y0a
2 + γ
ǫλ ∂
2La
∂yǫa∂y
λ
a
= O(c−2), (84)
aαa0 + γ
ǫλ ∂
2Qαa
∂yǫa∂y
λ
a
= O(c−2). (85)
Analogously, for the inverse transformation functions from Eq. (55) we obtain:
γǫλ
∂2Kˆa
∂xǫ∂xλ
= O(c−4), (86)
c2
∂2Kˆa
∂x02
+ γǫλ
∂2Lˆa
∂xǫ∂xλ
= O(c−2), (87)
− aαa0 + γǫλ
∂2Qˆαa
∂xǫ∂xλ
= O(c−2). (88)
As discussed at the beginning of this section, Eqs. (77)–(79) provide valuable constraints on the form of the metric
tensor. As a matter of fact, these equations provide two additional conditions on Ka and Qαa . It follows from Eqs. (77),
(79) and the form of the metric tensor gmn in the local frame given by Eqs. (129)–(131) (which are yet to be discussed
in Sec. III A) that these two functions must also satisfy the following two first order partial differential equations:
1
c
∂Ka
∂yαa
+ va0α = O(c−4), (89)
1
c
∂Ka
∂yαa
1
c
∂Ka
∂yβa
+ γαλ
∂Qλa
∂yβa
+ γβλ
∂Qλa
∂yαa
+ 2γαβ
(∂Ka
∂y0a
+ 12va0ǫv
ǫ
a0
)
= O(c−2), (90)
where Eq. (89) signifies the asymptotic absence of Newtonian rotation and shear of coordinate axis in the proper
reference frame of an accelerated observer, while Eq. (90) represents asymptotic isotropy of the chosen coordinates.
Analogously, the inverse functions Kˆa and Qˆαa satisfy
γαǫ
1
c
∂Kˆa
∂xǫ
− vαa0 = O(c−4), (91)
vαa0v
β
a0 + γ
αλ ∂Qˆβa
∂xλ
+ γβλ
∂Qˆαa
∂xλ
+ 2γαβ
(∂Kˆa
∂x0
+ 12γ
ǫλ 1
c
∂Kˆa
∂xǫ
1
c
∂Kˆa
∂xλ
)
= O(c−2). (92)
The two sets of partial differential equations on Ka,La and Qαa given by Eqs. (83)–(85) and (89)–(90) can be used
to determine the general structure of Ka and Qαa . Similarly, Eqs. (86)–(88) and (91)–(92) determine the general
structure of Kˆa and Qˆαa . These will be required in order to solve the gravitational field equations. However, we must
first develop the solution to the N -body problem in the quasi-inertial barycentric coordinate reference system.
E. Solution for the gravitational interaction term in the global frame
In order to find the gravitational interaction term hmnint (x) in Eq. (51) and, thus, to determine the solution for the
N -body problem in the barycentric frame, we will use the field equations of the general theory of relativity (4). To do
this, first of all we need to obtain the components of the metric tensor (51) in the barycentric reference system. This
could be done by using the solution for the unperturbed one-body problem presented by Eq. (35) (or, equivalently,
Eq. (30)), the transformation rules for coordinate base vectors given by Eqs.(40)–(41). Using all these expressions in
Eq. (51) results in the following structure of the metric components in the global (barycentric) reference frame:
g00(x) = 1 +
2
c2
∑
b
{
wb(yb(x))
(
1− 2
c2
vb0ǫv
ǫ
b0
)− 4
c2
vb0ǫw
ǫ
b(yb(x)) +
+
2
c2
wb(yb(x))
(∂Kb
∂y0b
+ 12vb0ǫv
ǫ
b0
)
+
1
c2
w2b (yb(x))
}
+
1
c4
h
[4]00
int (x) +O(c−6), (93)
13
g0α(x) =
4
c3
∑
b
{
wα(yb(x)) + v
α
b0wb(yb(x))
}
+O(c−5), (94)
gαβ(x) = γαβ − γαβ 2
c2
∑
b
wb(yb(x)) +O(c−4). (95)
Next, we need to specify the “source term” for the N -body problem on the right-hand side of Eq. (4). Similarly to
(51), this term may be written in the following form:
Smn(x) =
∑
b
∂xm
∂ykb
∂xn
∂ylb
Sklb (yb(x)), (96)
where Sklb is the “source term” for a particular body b, given by Eqs. (16)–(21), which was used to derive the one-body
solution (35).
By using the source term (96) and the transformation rules for coordinate base vectors given by Eqs. (40)–(41),
and definitions Eqs. (16)–(21), we obtain the components of the source term Smn in the barycentric reference frame:
S00(x) =
1
2
c2
∑
b
{(
1− 2
c2
vb0ǫv
ǫ
b0
)
σb(yb(x)) − 4
c2
vb0ǫσ
ǫ
b(yb(x)) +
2
c2
(∂Kb
∂y0b
+ 12vb0ǫv
ǫ
b0
)
σb(yb(x)) +O(c−4)
}
, (97)
S0α(x) = c
∑
b
{
σαb (y
k
b (x)) + v
α
b0σb(yb(x)) +O(c−2)
}
, (98)
Sαβ(x) = −γαβ 1
2
c2
∑
b
{
σb(yb(x)) +O(c−2)
}
. (99)
Comparing with Eqs. (16)–(18), these expressions introduce transformation rules for the mass (scalar) and current
(vector) densities of a particular body b under a coordinate transformation from local, {ymb }, to global, {xm}, coordi-
nates. Thus, defining the scalar, σˆb(x), and vector, σˆ
α
b (x), densities for a particular body b in the coordinates of the
global frame3 the corresponding transformation rules for the relativistic densities are given as
σˆb(x) =
(
1− 2
c2
vb0ǫv
ǫ
b0
)
σb(yb(x)) − 4
c2
vb0ǫσ
ǫ
b(yb(x)) +
2
c2
(∂Kb
∂y0b
+ 12vb0ǫv
ǫ
b0
)
σb(yb(x)) +O(c−4), (100)
σˆαb (x) = σ
α
b (y
k
b (x)) + v
α
b0σb(yb(x)) +O(c−2). (101)
The results (100)–(101), allow presenting the source term Smn(x) in the barycentric reference frame (97)–(99) as:
S00(x) =
1
2
c2
∑
b
{
σˆb(x) +O(c−4)
}
, S0α(x) = c
∑
b
{
σˆαb (x) +O(c−2)
}
, Sαβ(x) = −γαβS00(x) +O(c−2). (102)
The components of the Ricci tensor in the global frame can be directly calculated from Eqs. (12)–(14):
R00(x) =
1
2
x
(
c−2g[2]00 + c−4
{
g[4]00 − 12
(
g[2]00
)2})
+ c−4
1
2
(
g[2]ǫλ + γǫλg[2]00
)∂2g[2]00
∂xǫ∂xλ
+O(c−6), (103)
R0α(x) = c−3
1
2
∆xg
[3]0α +O(c−5), (104)
Rαβ(x) = c−2
1
2
∆xg
[2]αβ +O(c−4), (105)
where x = ∂
2/(∂x0)2+∆x and ∆x = γ
ǫλ∂2/∂xǫ∂xλ are the d’Alembert and Laplace operators with respect to {xk},
correspondingly.
Substituting the components (93)–(95) of the metric tensor and the components (97)–(99) of the source term into
the field equations (4) of general relativity with the Ricci tensor (103)–(105), we obtain the gravitational field equations
of the general theory of relativity in the barycentric reference frame:
x
{∑
b
[(
1− 2
c2
vb0ǫv
ǫ
b0
)
wb(yb(x)) − 4
c2
vb0ǫw
ǫ
b(yb(x)) +
2
c2
wb(yb(x))
(∂Kb
∂y0b
+ 12vb0ǫv
ǫ
b0
)
+
1
c2
w2b (yb(x))
]
−
3 The “hat” above any function, for instance σˆb(x) and σˆ
α
b
(x), indicates the fact that this quantity is defined in the global frame.
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− 1
c2
(∑
b
wb(yb(x))
)2
+
1
2c2
h
[4]00
int (x)
}
= 4πG
∑
b
{(
1− 2
c2
vb0ǫv
ǫ
b0
)
σb(yb(x)) − 4
c2
vb0ǫσ
ǫ
b(yb(x)) +
+
2
c2
(∂Kb
∂y0b
+ 12vb0ǫv
ǫ
b0
)
σb(yb(x))
}
+O(c−4), (106)
∆x
∑
b
{
wαb (yb(x)) + v
α
b0wb(yb(x))
}
= 4πG
∑
b
{
σαb (yb(x)) + v
α
b0σb(yb(x))
}
+O(c−2), (107)
∆x
∑
b
wb(yb(x)) = 4πG
∑
b
σb(yb(x)) +O(c−2). (108)
We observe that Eqs. (107) and (108) are satisfied identically. We will focus on Eq. (106) with the aim to determine
the interaction term. For these purposes, we use Eqs. (107) and (108) and rewrite (106) in the following form:
x
{∑
b
[
wb(yb(x)) +
2
c2
(∂Kb
∂y0b
+ 12vb0ǫv
ǫ
b0
)
wb(yb(x)) +
1
c2
w2b (yb(x))
]
− 1
c2
(∑
b
wb(yb(x))
)2
+
1
2c2
h
[4]00
int (x)
}
=
= 4πG
∑
b
{
σb(yb(x)) +
2
c2
(∂Kb
∂y0b
+ 12vb0ǫv
ǫ
b0
)
σb(yb(x))
}
+O(c−4). (109)
To analyze this equation, it is helpful to express the d’Alembert operator x via its counterpart ya expressed in
coordinates ya associated with body a. Using Eqs. (37)–(38), one easily obtains the following relation:
∂2
∂x02
+ γǫλ
∂2
∂xǫ∂xλ
=
∂2
∂y0a
2 + γ
ǫλ ∂
2
∂yǫa∂y
λ
a
− 1
c2
{
aµa0 + γ
ǫλ ∂
2Qµa
∂yǫa∂y
λ
a
} ∂
∂yµa
−
− 1
c2
{
vǫa0v
λ
a0 + γ
ǫµ ∂Qλa
∂yµa
+ γλµ
∂Qǫa
∂yµa
} ∂2
∂yǫa∂y
λ
a
+O(c−4). (110)
The terms of order c−2 on the right-hand side of this expression can be further simplified with the help of harmonic
gauge conditions. Indeed, using Eqs. (85), (89) and (90) the expression above takes the following form:
∂2
∂x02
+ γǫλ
∂2
∂xǫ∂xλ
=
∂2
∂y0a
2 + γ
ǫλ ∂
2
∂yǫa∂y
λ
a
+
2
c2
(∂Ka
∂y0a
+ 12va0 ǫv
ǫ
a0
)
γǫλ
∂2
∂yǫa∂y
λ
a
+O(c−4). (111)
The last equation may be given in the equivalent form:
x =
{
1 +
2
c2
(∂Ka
∂y0a
+ 12va0ǫv
ǫ
a0
)
+O(c−4)
}
ya . (112)
Therefore, taking into account that, for any given yb, the following relation holds
ybwb(yb(x)) = 4πGσb(yb(x)) +O(c−4), (113)
hence the following result is valid for any body b:
xwb(yb(x)) = 4πGσb(yb(x))
{
1 +
2
c2
(∂Kb
∂y0b
+ 12vb0ǫv
ǫ
b0
)
+O(c−4)
}
. (114)
With the help of Eq. (114) we can now rewrite Eq. (109) as
∆x
{∑
b
[ 2
c2
(∂Kb
∂y0b
+ 12vb0ǫv
ǫ
b0
)
wb(yb(x)) +
1
c2
w2b (yb(x))
]
− 1
c2
(∑
b
wb(yb(x))
)2
+
1
2c2
h
[4]00
int (x)
}
= O(c−4). (115)
This equation can be solved for h
[4]00
int (x). The solution to this partial differential equation is composed of two
families: one is a particular solution that can be found by equating the entire expression under the D’Alembert
operator to zero, h
[4]00
int(0)(x), while the other is a family of solutions involving symmteric and trace free (STF) tensors
that are divergent at spatial infinity:
h
[4]00
int (x) = h
[4]00
int(0)(x) +
∑
k≥0
1
k!
δh00intµ1...µk(x
0)xµ1 ...xµk +O(|xµ|K) +O(c−2), (116)
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where δh00intµ1...µk(x
0) are arbitrary STF tensors that depend only on the time-like coordinate x0. Requiring that the
solution to this equation be asymptotically flat and that there be no gravitational radiation coming from outside the
system Eq. (36), namely
lim
r→∞
t+r/c=const
h
[4]00
int (x) = 0 and limr→∞
t+r/c=const
[
(rh
[4]00
int ),r + (rh
[4]00
int ),0
]
= 0, (117)
implies that δh00intµ1...µk(x
0) = 0, for all k. Therefore, Eq. (115) yields the following solution for the interaction term:
h
[4]00
int (x) = 2
{(∑
b
wb(yb(x))
)2
−
∑
b
w2b (yb(x))
}
− 4
∑
b
wb(yb(x))
(∂Kb
∂y0b
+ 12vb0ǫv
ǫ
b0
)
+O(c−2). (118)
The first two terms on the right-hand side of the equation above represent the usual composition of the gravitational
interaction term for N -body system. The last term is the coupling of the local inertia field to the local gravity potential
transformed to the global coordinates. The presence of this coupling reduces the total energy in the system, acting
as a binding energy for the combined system of gravity and inertia.
Substituting the interaction term Eq. (118) into the g00(x) component (93) of the metric tensor we obtain the
following expression for the metric tensor in the global frame:
g00(x) = 1 +
2
c2
∑
b
wˆb(x) +
2
c4
(∑
b
wˆb(x)
)2
+O(c−6), (119)
g0α(x) =
4
c3
∑
b
wˆαb (x) +O(c−5), (120)
gαβ(x) = γαβ − γαβ 2
c2
∑
b
wˆb(x) +O(c−4), (121)
where the gravitational scalar, wˆb, and vector wˆ
α
b potentials of body b, expressed in the global coordinates {xm}, have
the following form (see also [13]):
wˆb(x) =
(
1− 2
c2
vb0ǫv
ǫ
b0
)
wb(yb(x))− 4
c2
vb0ǫw
ǫ
b(yb(x)) +O(c−4), (122)
wˆαb (x) = w
α
b (yb(x)) + v
α
b0wb(yb(x)) +O(c−2). (123)
It is convenient to express these potentials in terms of integrals over the volumes of the bodies in the global coordinates.
To do this, we use Eqs. (107), (108) and (114) to determine the following solutions for the scalar wb(yb(x)) and vector
wαb (yb(x)) potentials that satisfy the boundary conditions given by Eq. (36):
wb(yb(x)) = G
∫
d3x′
σb(yb(x
′))
|x− x′| +
1
2c2
G
c2∂2
∂x02
∫
d3x′σb(yb(x
′))|x− x′|+
+
2G
c2
∫
d3x′
σb(yb(x
′))
|x− x′|
(∂K′b
∂y0b
+ 12vb0ǫv
ǫ
b0
)
+O(c−3), (124)
wαb (yb(x)) = G
∫
d3x′
σαb (yb(x
′))
|x− x′| +O(c
−2). (125)
Substituting these results into Eqs. (122)–(123) in the form of the integrals over the body’s volume leads to the
following expression for gravitational potentials of the body b in the global coordinates of inertial reference frame:
wˆb(x) =
(
1− 2
c2
vb0ǫv
ǫ
b0
)
G
∫
d3x′
σb(yb(x
′))
|x− x′| −
4
c2
vb0ǫG
∫
d3x′
σǫb(yb(x
′))
|x− x′| +
+
1
2c2
G
c2∂2
∂x02
∫
d3x′σb(yb(x
′))|x− x′|+ 2G
c2
∫
d3x′
σb(yb(x
′))
|x− x′|
(∂K′b
∂y0b
+ 12vb0ǫv
ǫ
b0
)
+O(c−3), (126)
wˆαb (x) = G
∫
d3x′
σαb (yb(x
′))
|x− x′| + v
α
b0G
∫
d3x′
σb(yb(x
′))
|x− x′| +O(c
−2), (127)
which are consistent with transformation rules for relativistic mass and current densities (100)–(101), correspondingly.
We have obtained a solution for the gravitational field equations for the N -body problem in the post-Newtonian
approximation. In the global (barycentric) reference frame this solution is represented by the metric tensor given
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by Eqs. (119)–(121) together with the scalar and vector potentials given by Eqs. (126) and (127). Note that the
form of the metric (119)–(121) is identical to that of the isolated one-body problem (35), except that these two
structurally-identical metric tensors have different potentials. Such form-invariance of the metric tensor is due to
harmonic gauge conditions and the covariant structure of the total metric sought in the form of Eq. (51) together
with the covariantly-superimposed form of the N -body source term Eq. (96).
In the following section we transform this solution to the local frame, verify that this solution satisfies the equations
of general relativity in that frame, and improve the form of this solution using the harmonic gauge.
III. TRANSFORMATION TO THE LOCAL FRAME
We begin this section by investigating the transformation properties of the covariant form of the metric tensor
from the global frame to the local frame. The use of the covariant form makes it possible to find the transformation
functions K, L and Q in Eqs. (37) and (38) more expediently.
A. Gravitational field equations in the local frame
The metric tensor in the local frame can be obtained by applying the standard rules of tensor transformations to
the metric tensor in the global frame given by Eqs. (119)–(121):
gmn(ya) =
∂xk
∂yma
∂xl
∂yna
gkl(x(ya)). (128)
Using the coordinate transformations given by Eqs. (37)–(38) together with Eqs. (40)–(41), we determine the form
of the metric tensor in the local reference frame associated with a body a:
g00(ya) = 1 +
2
c2
{∂Ka
∂y0a
+ 12va0ǫv
ǫ
a0
}
+
2
c4
{∂La
∂y0a
+ 12
(∂Ka
∂y0a
)2
+ cva0ǫ
∂Qǫa
∂y0a
−
(∂Ka
∂y0a
+ 12va0ǫv
ǫ
a0
)2}
−
− 2
c2
∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
wˆb(x(ya)) +
4
c2
va0ǫwˆ
ǫ
b(x(ya))
}
+
+
2
c4
(∑
b
wˆb(x(ya))− ∂Ka
∂y0a
− 12va0ǫvǫa0
)2
+O(c−6), (129)
g0α(ya) =
1
c
(1
c
∂Ka
∂yαa
+ va0α
)
− 4
c3
γαǫ
∑
b
(
wˆǫb(x(ya))− vǫa0wˆb(x(ya))
)
+
+
1
c3
{1
c
∂La
∂yαa
+ cγαǫ
∂Qǫa
∂y0a
+ va0λ
∂Qλa
∂yαa
+
1
c
∂Ka
∂yαa
∂Ka
∂y0a
}
+O(c−5), (130)
gαβ(ya) = γαβ +
1
c2
{1
c
∂Ka
∂yαa
1
c
∂Ka
∂yβa
+ γαλ
∂Qλa
∂yβa
+ γβλ
∂Qλa
∂yαa
}
+ γαβ
2
c2
∑
b
wˆb(x(ya)) +O(c−4). (131)
The form of the metric in the local reference frame given by Eqs. (129)–(131) still has a significant number of degrees
of freedom reflecting the presence of the yet arbitrary transformation functions. Some of these degrees of freedom
can be eliminated by imposing the harmonic gauge conditions. Eqs. (77) and (79) can provide valuable constraints
on the form of the metric tensor in the local frame. Indeed, using the actual structure of the metric expressed by
Eqs. (129)–(131) in combination with the gauge conditions (77)–(79), and along with Eqs. (89)–(90), we can now use
these sets of constraints on the transformation functions and improve the form of the metric tensor in the local frame.
As a result, the metric tensor in the harmonic coordinates of the local frame has the following form:
g00(ya) = 1 +
2
c2
{∂Ka
∂y0a
+ 12va0ǫv
ǫ
a0
}
+
2
c4
{∂La
∂y0a
+ 12
(∂Ka
∂y0a
)2
+ cva0ǫ
∂Qǫa
∂y0a
−
(∂Ka
∂y0a
+ 12va0ǫv
ǫ
a0
)2}
−
− 2
c2
∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
wˆb(x(ya)) +
4
c2
va0ǫwˆ
ǫ
b(x(ya))
}
+
+
2
c4
(∑
b
wˆb(x(ya))− ∂Ka
∂y0a
− 12va0ǫvǫa0
)2
+O(c−6), (132)
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g0α(ya) = − 4
c3
γαǫ
∑
b
(
wˆǫb(x(ya))− vǫa0wˆb(x(ya))
)
+
+
1
c3
{1
c
∂La
∂yαa
+ cγαǫ
∂Qǫa
∂y0a
+ va0λ
∂Qλa
∂yαa
− va0α
∂Ka
∂y0a
}
+O(c−5), (133)
gαβ(ya) = γαβ + γαβ
2
c2
{∑
b
wˆb(x(ya))− ∂Ka
∂y0a
− 12va0ǫvǫa0
}
+O(c−4). (134)
The covariant components of the source term in the local reference frame, Smn(ya), are related to the same in the
global frame, Smn(x), via the usual tensor transformation:
Smn(ya) =
∂xk
∂yma
∂xl
∂yna
Skl(x(ya)). (135)
On the other hand, given the definition for the scalar and vector densities (which are given by Eqs. (19)–(21)), for
which we need covariant components of the source term Smn, we can determine Smn(ya) in the local frame via the
covariant components Smn in the following form
Smn(ya) = gmk(ya)gnl(ya)S
kl(ya) = gmk(ya)gnl(ya)
∂yka
∂xp
∂yla
∂xq
Spq(x(ya)), (136)
where ∂yka/∂x
p are given by Eqs. (49)–(50), which lead to the following expression for the components of the source
term Smn(ya):
S00(ya) =
(
1 +
2
c2
g
[2]
00 (ya) +O(c−4)
)
×
× 1
2
c2
∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
σˆb(x(ya)) +
4
c2
va0ǫσˆ
ǫ
b(x(ya)) +
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
σˆb(x(ya)) +O(c−4)
}
, (137)
S0α(ya) = γαλc
∑
b
{
σˆλb (x(ya))− vλa0 σˆb(x(ya)) +O(c−2)
}
, (138)
Sαβ(ya) = −γαβ 1
2
c2
{∑
b
σˆb(x(ya)) +O(c−2)
}
, (139)
where Kˆa comes as a part of the rules Eqs. (49)–(50) that are developed for the inverse transformations ym = fm(xk).
To put the source term in the form (102), we introduce transformation rules for the scalar and vector densities of
a body b under coordinate transformation from global, {x}, to local coordinates, {ya} of a particular body a:
σb(ya) =
(
1− 2
c2
va0ǫv
ǫ
a0
)
σˆb(x(ya)) +
4
c2
va0ǫσˆ
ǫ
b(x(ya)) +
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
σˆb(x(ya)) +O(c−4), (140)
σαb (ya) = σˆ
α
b (x(ya))− vαa0 σˆb(x(ya)) +O(c−2), (141)
where σˆb(x) and σˆ
α
b (x) are given by (100)–(101), correspondingly.
Similarly, to compute the Ricci tensor in the global frame, we use the following expression:
Rmn(ya) = gmk(ya)gnl(ya)R
kl(ya), (142)
with Rkl(ya) being expressed in terms of the covariant metric gmn, R
kl[gmn(ya)], namely:
R00(ya) =
(
1 +
2
c2
g
[2]
00 (x) +O(c−4)
)
×
(
− 1
2
ya
(
c−2g
[2]
00 + c
−4
{
g
[4]
00 − 12
(
g
[2]
00
)2})
+ c−4
1
2
(
g
[2]
ǫλ + γǫλg
[2]
00
) ∂2g[2]00
∂yaǫ∂yaλ
+O(c−6)
)
, (143)
R0α(ya) = −c−3 1
2
∆yag
[3]
0α +O(c−5), (144)
Rαβ(ya) = −c−2 1
2
∆yag
[2]
αβ +O(c−4), (145)
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where ya = ∂
2/(∂y0a)
2 + ∆ya and ∆ya = γ
ǫλ∂2/∂yǫa∂y
λ
a are the d’Alembert and Laplace operators with respect to
the local coordinates {yka}, correspondingly.
The metric tensor given by Eqs. (132)–(134) and the condition given by Eq. (79) allow us to present the gravitational
field equations (4) of the general theory of relativity in local coordinates in the following form:
ya
[∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
wˆb(x(ya)) +
4
c2
va0ǫwˆ
ǫ
b(x(ya))
}
−
−∂Ka
∂y0a
− 12va0ǫvǫa0 −
1
c2
{∂La
∂y0a
+ 12
(∂Ka
∂y0a
)2
+ cva0ǫ
∂Qǫa
∂y0a
−
(∂Ka
∂y0a
+ 12va0ǫv
ǫ
a0
)2}
+O(c−4)
]
=
= 4πG
∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
σˆb(x(ya)) +
4
c2
va0ǫσˆ
ǫ
b(x(ya)) +
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
σˆb(x(ya)) +O(c−4)
}
, (146)
∆ya
[∑
b
(
wˆαb (x(ya))− vαa0wˆb(x(ya))
)
− 14
{1
c
γαǫ
∂La
∂yǫa
+ c
∂Qαa
∂y0a
+ γαǫva0λ
∂Qλa
∂yǫa
− vαa0
∂Ka
∂y0a
}
+O(c−5)
]
=
= 4πG
∑
b
{
σˆαb (x(ya))− vαa0 σˆb(x(ya))
}
+O(c−2), (147)
∆ya
[∑
b
wˆb(x(ya))− ∂Ka
∂y0a
− 12va0ǫvǫa0 +O(c−2)
]
= 8πGγαβ
∑
b
σˆb(x(ya)) +O(c−2). (148)
Using the fact that ∆ya = ∆x +O(c−2) and the gauge equations (83)–(85) we can show that Eqs. (147) and (148)
are identically satisfied. Furthermore, Eq. (146) reduces to
ya
∑
b
wˆb(x(ya)) = 4πG
∑
b
{
σˆb(x(ya)) +
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
σˆb(x(ya)) +O(c−4)
}
. (149)
We can verify the validity of this equation in a manner similar to the derivation shown by Eqs. (110) and (111):
We can express the d’Alembertian in the local coordinates ya via global coordinates {xm} as below:
∂2
∂y0a
2 + γ
ǫλ ∂
2
∂yǫa∂y
λ
a
=
∂2
∂x02
+ γǫλ
∂2
∂xǫ∂xλ
+
1
c2
{
aµa0 − γǫλ
∂2Qˆµa
∂xǫ∂xλ
} ∂
∂xµ
−
− 1
c2
{
vǫa0v
λ
a0 + γ
ǫµ ∂Qˆλa
∂xµ
+ γλµ
∂Qˆǫa
∂xµ
} ∂2
∂xǫ∂xλ
+O(c−4), (150)
where ∂yka/∂x
p needed to derive Eq. (150) are given by Eqs. (49)–(50). Terms of order c−2 that are present on the
right-hand side of this equation can be simplified using the harmonic gauge conditions (88) and (92), so that Eq. (150)
takes the form:
∂2
∂y0a
2 + γ
ǫλ ∂
2
∂yǫa∂y
λ
a
=
∂2
∂x02
+ γǫλ
∂2
∂xǫ∂xλ
+
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
γǫλ
∂2
∂xǫ∂xλ
+O(c−4). (151)
The last equation may be given in the equivalent form:
ya =
{
1 +
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
+O(c−4)
}
x. (152)
As a side result, comparing this expression with Eq. (112), we see that the following approximate relation holds:
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
= −
(∂Ka
∂y0a
+ 12va0ǫv
ǫ
a0
)
+O(c−2). (153)
Using Eq. (31) we see that the following relation is satisfied for any {ya}:
xwˆb(x(ya)) = 4πGσˆb(x(ya)) +O(c−4), (154)
and relying on (152), we observe that the following relation also holds:
yawˆb(x(ya)) = 4πGσˆb(x(ya))
{
1 +
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
+O(c−4)
}
, (155)
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which proves Eq. (149). As a result, with the help of Eqs. (83)–(85), and also (155), we verified that Eqs. (146)–(148)
are satisfied identically.
In the next subsection, we use the harmonic gauge conditions to constrain this remaining freedom which would lead
to a particular structure of both the metric tensor and the coordinate transformations.
B. The form of the metric tensor in the local frame
Eqs. (132)–(134) represent the metric tensor gmn given by Eqs. (77)–(79) in the coordinates of a local reference frame
that satisfies the harmonic gauge. This set of gauge conditions forms the foundation of our method of constructing a
proper reference frame of a gravitationally accelerated observer. As a result, the metric representing spacetime in the
proper frame may be presented in the following elegant isotropic form that depends only on two harmonic potentials:
g00(ya) = 1− 2
c2
w(ya) +
2
c4
w2(ya) +O(c
−6), (156)
g0α(ya) = −γαλ 4
c3
wλ(ya) +O(c
−5), (157)
gαβ(ya) = γαβ + γαβ
2
c2
w(ya) +O(c
−4), (158)
where the scalar w and vector wα potentials, expressed as functions of the local coordinates {yka} of body a, read as
follows:
w(ya) =
∑
b
wb(ya)− ∂Ka
∂y0a
− 12va0ǫvǫa0 −
1
c2
{∂La
∂y0a
+ cva0ǫ
∂Qǫa
∂y0a
+ 12
(∂Ka
∂y0a
)2
−
(∂Ka
∂y0a
+ 12va0ǫv
ǫ
a0
)2}
+O(c−4),(159)
wα(ya) =
∑
b
wαb (ya)− 14
{
γαǫ
1
c
∂La
∂yǫa
+ c
∂Qαa
∂y0a
+ γαǫva0λ
∂Qλa
∂yǫa
− vαa0
∂Ka
∂y0a
}
+O(c−2), (160)
with gravitational potentials wb(ya) and w
α
b (ya) transforming between the global and local frames as below
wb(ya) =
(
1− 2
c2
va0ǫv
ǫ
a0
)
wˆb(x(ya)) +
4
c2
va0ǫwˆ
ǫ
b(x(ya)) +O(c−4), (161)
wαb (ya) = wˆ
α
b (x(ya))− vαa0wˆb(x(ya)) +O(c−2). (162)
It follows from Eq. (78) that potentials wb(ya) and w
α
b (ya) satisfy the continuity equation:
c
∂w
∂y0a
+
∂wǫ
∂yǫa
= O(c−2). (163)
With the help of Eqs. (83)–(85) and (89)–(90) (as captured in the field equations (146)-(148)), we can verify that
the new potentials w and wα satisfy the following post-Newtonian harmonic equations:
yaw(ya) = 4πG
∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
σˆb(x(ya)) +
4
c2
va0ǫσˆ
ǫ
b(x(ya)) +
+
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
σˆb(x(ya)) +O(c−4)
}
, (164)
∆yaw
α(ya) = 4πG
∑
b
{
σˆαb (x(ya))− vαa0 σˆb(x(ya)) +O(c−2)
}
. (165)
One may verify that according to Eqs. (155) and (147), the scalar and vector potentials can be presented as functions
of the local coordinates only:
wˆb(x(ya)) = G
∫
d3y′a
σˆb(x(y
′
a))
|ya − y′a|
+
1
2c2
G
c2∂2
∂y0a
2
∫
d3y′aσˆb(x(y
′
a))|ya − y′a|+
+
2G
c2
∫
d3y′a
σˆb(x(y
′
a))
|ya − y′a|
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
+O(c−4), (166)
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wˆαb (x(ya)) = G
∫
d3y′a
σˆαb (x(y
′
a))
|ya − y′a|
+O(c−2). (167)
These expressions allow us to present the scalar and vector potentials, given by Eqs. (161)–(162), via barycentric
densities given as functions of the local coordinates:
wb(ya) =
(
1− 2
c2
va0ǫv
ǫ
a0
)
G
∫
d3y′a
σˆb(x(y
′
a))
|ya − y′a|
+
4
c2
va0ǫG
∫
d3y′a
σˆǫb(x(y
′
a))
|ya − y′a|
+
+
1
2c2
G
c2∂2
∂y0a
2
∫
d3y′aσˆb(x(y
′
a))|ya − y′a|+
2G
c2
∫
d3y′a
σˆb(x(y
′
a))
|ya − y′a|
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
+O(c−3), (168)
wαb (ya) = G
∫
d3y′a
σˆαb (x(y
′
a))
|ya − y′a|
− vαa0G
∫
d3y′a
σˆb(x(y
′
a))
|ya − y′a|
+O(c−2), (169)
which are consistent with transformation rules for relativistic mass and current densities (140)–(141), correspondingly.
One can also present the transformation rules for the relativistic gravitational potentials from the proper coordinates
{ymb } associated with body b to the coordinates {yma } associated with body a. With the help of Eqs. (122) and (123),
we can express the potentials wb(x) and w
α
b (x) in global coordinate {xm} and as functions of {x(ya)}, and substitute
the results into Eqs. (161) and (162), which yeilds4:
wb(ya) =
(
1− 2
c2
vba0ǫv
ǫ
ba0
)
wb(yb(ya)) +
4
c2
vba0ǫw
ǫ
b(yb(ya)) +O(c−4), (170)
wαb (ya) = w
α
b (yb(ya))− vαba0wb(yb(ya)) +O(c−2), (171)
with vαba0 = v
α
a0 − vαb0 being the relative velocity between the two bodies. Assuming the existence of the coordinate
transformations between the two bodies, a and b, in the form
y0b = y
0
a + c
−2Kba(y0a, yǫa) +O(c−4)y0a, (172)
yαb = y
α
a + z
α
ba0(y
0
a) +O(c−2), (173)
with function Kba given [12] as Kba(y0a, yǫa) = Ka(y0a, yǫa) − Kb(y0a, yǫa + zǫba0) + O(c−2), we note that the scalar and
vector potentials, wb(yb(ya)) and w
α
b (yb(ya)) correspondingly, satisfy the following equations:
yawb(yb(ya)) = 4πGσb(yb(ya))
{
1− 2
c2
(∂Kba
∂y0a
+ 12vba0ǫv
ǫ
ba0
)
+O(c−4)
}
, (174)
∆yaw
α
b (yb(ya)) = 4πGσ
α
b (yb(ya)) +O(c−2). (175)
In Eq. (174), similarly to Eq. (153) we used the following identity:
(∂Kab
∂y0b
+ 12vba0ǫv
ǫ
ba0
)
= −
(∂Kba
∂y0a
+ 12vba0ǫv
ǫ
ba0
)
+O(c−2). (176)
Eqs. (174) and (175) have the following solutions
wb(yb(ya)) = G
∫
d3y′a
σb(yb(y
′
a))
|ya − y′a|
+
1
2c2
G
c2∂2
∂y0a
2
∫
d3y′aσb(yb(y
′
a))|ya − y′a| −
− 2G
c2
∫
d3y′a
σb(yb(y
′
a))
|ya − y′a|
(∂Kba
∂y0a
+ 12vba0ǫv
ǫ
ba0
)
+O(c−4), (177)
wαb (yb(ya)) = G
∫
d3y′a
σαb (yb(y
′
a))
|ya − y′a|
+O(c−2). (178)
4 To avoid a proliferation of cumbersome notations, we do not use hats or other typography at this point to distinguish wb(ya), meaning
the scalar potential of body b, in the coordinates of body a, expressed as a function of the coordinates {yma }, from wb(yb), meaning the
scalar potential of body b, in the coordinates of body b, expressed as a function of the coordinates {ym
b
}. The same applies to wα
b
(ya)
vs. wα
b
(yb).
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Therefore, we finally obtain the following expressions for the scalar and vector gravitational potentials, expressed
as integrals over the compact volumes of the bodies given in the local coordinates:
wb(ya) =
(
1− 2
c2
vba0ǫv
ǫ
ba0
)
G
∫
d3y′a
σb(yb(y
′
a))
|ya − y′a|
+
4
c2
vba0ǫG
∫
d3y′a
σǫb(yb(y
′
a))
|ya − y′a|
+
+
1
2c2
G
c2∂2
∂y0a
2
∫
d3y′aσb(yb(y
′
a))|ya − y′a| −
2G
c2
∫
d3y′a
σb(yb(y
′
a))
|ya − y′a|
(∂Kba
∂y0a
+ 12vba0ǫv
ǫ
ba0
)
+O(c−3), (179)
wαb (ya) = G
∫
d3y′a
σαb (yb(y
′
a))
|ya − y′a|
− vαba0G
∫
d3y′a
σb(yb(y
′
a))
|ya − y′a|
+O(c−2). (180)
We use the phrase harmonic metric tensor to describe the metric tensor (156)–(158), defined in terms of the
harmonic potentials w and wα, which in turn are given by Eqs. (159)–(160) and satisfy the harmonic equations
(164)–(165).
C. Applying the harmonic gauge conditions to reconstruct the transformation functions
The harmonic conditions in our derivation play a second role, which is to put further constraints on coordinate
transformations, taking us closer to determine in full the form of the functions Ka, Qαa and La. As we discussed in
Sec. II D 2, these functions must satisfy Eqs. (83)–(85). The general solution to these elliptic-type equations can be
written in the form of a Taylor series expansion in terms of irreducible Cartesian symmetric trace-free (STF) tensors.
Furthermore, the solutions for the functions Ka,La and Qαa in Eqs. (83)–(85) consist of two parts: a fundamental
solution of the homogeneous Laplace equation and a particular solution of the inhomogeneous Poisson equation (except
for Eq. (83), which is homogeneous). We discard the part of the fundamental solution that has a singularity at the
origin of the local coordinates, where yα = 0. Below we derive solutions for each of these transformation functions.
1. Determining the structure of Ka
The general solution to Eq. (83) with regular behavior on the world-line (i.e., omitting terms divergent when
|ya| → 0 or solutions not differentiable at |ya| = 0) can be given in the following form:
Ka(ya) = κa0 + κa0µyµa + δκa(ya) +O(c−4), where δκa(ya) =
∑
k=2
1
k!
κa0µ1...µk(y
0
a)y
µ1...
a y
µk
a +O(c−4), (181)
with κa0µ1...µk(y
0
a) being STF tensors [29], which depend only on the time-like coordinate y
0
a. Substituting this form
of the function Ka into Eq. (89), we then find solutions for κa0µ and κaµ1...µk :
κa0µ = −cva0µ +O(c−4), κa0µ1...µk = O(c−4), k ≥ 2. (182)
As a result, the function Ka that satisfies the harmonic gauge conditions is determined to be
Ka(ya) = κa0 − c(va0µyµa ) +O(c−4). (183)
This expression completely fixes the spatial dependence of the function Ka, but still has an arbitrary dependence on
the time-like coordinate via the function κa0(y
0
a).
2. Determining the structure of Qαa
The general solution for the function Qα that satisfies Eq. (85) may be presented as a sum of a solution of the
inhomogeneous Poisson equation and a solution of the homogeneous Laplace equation. In particular, solutions with
regular behavior in the vicinity of the world-line may be given in the following form:
Qαa (ya) = qαa0 + qαa0µyµa + 12qαa0µνyµayνa + δξαa (ya) +O(c−2), (184)
where qαa0µν can be determined directly from Eq. (85) and the function δξ
α
a satisfies Laplace’s equation
γǫλ
∂2
∂yǫa∂y
λ
a
δξαa = O(c−2). (185)
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We can see that Eq. (85) can be used to determine qαa0µν , but would leave the other terms in the equation unspecified.
To determine these terms, we use Eq. (90) together with Eq. (89), and get:
va0αva0β + γαλ
∂Qλa
∂yβa
+ γβλ
∂Qλa
∂yαa
+ 2γαβ
(∂Ka
∂y0a
+ 12va0ǫv
ǫ
a0
)
= O(c−2). (186)
Using the intermediate solution (183) for the function Ka in Eq. (186), we obtain the following equation for Qαa :
va0αva0β + γαλ
∂Qλa
∂yβa
+ γβλ
∂Qλa
∂yαa
+ 2γαβ
(∂κa0
∂y0a
+ 12va0ǫv
ǫ
a0 − aa0ǫyǫa
)
= O(c−2). (187)
A trial solution to Eq. (187) may be given in the following general from:
Qαa = qαa0 + c1vαa0va0ǫyǫa + c2va0ǫvǫa0yαa + c3aαa0yaǫyǫa + c4aa0ǫyǫayαa + c5
(∂κa0
∂y0a
+ 12va0ǫv
ǫ
a0
)
yαa +
+ yaǫω
ǫα
a0 + δξ
α
a (ya) +O(c−2), (188)
where qαa0 and the antisymmetric matrix ω
αǫ
a0 = −ωǫαa0 are functions of the time-like coordinate y0a; c1, ..., c5 are
constant coefficients; and δξµa (ya), given by Eq. (185), is at least of the third order in spatial coordinates y
µ
a , namely
δξµa (ya) ∝ O(|yµa |3). Direct substitution of Eq. (188) into Eq. (187) results in the following unique solution for the
constant coefficients:
c1 = −1
2
, c2 = 0, c3 = −1
2
, c4 = 1, c5 = −1. (189)
As a result, the function Qαa has the following structure:
Qαa (ya) = qαa0 −
(
1
2v
α
a0v
ǫ
a0 + ω
αǫ
a0 + γ
αǫ
(∂κa0
∂y0a
+ 12va0λv
λ
a0
))
yaǫ + aa0ǫ
(
yαa y
ǫ
a − 12γαǫyaλyλa
)
+ δξαa (ya) +O(c−2), (190)
where qαa0 and ω
αǫ
a0 are yet to be determined.
By substituting Eq. (190) into Eq. (187), we see that the function δξαa (ya) in Eq. (190) must satisfy the equation:
∂
∂yaα
δξβa +
∂
∂yaβ
δξαa = O(c−2). (191)
We keep in mind that the function δξαa (ya) must also satisfy Eq. (185). The solution to the partial differential equation
(185) with regular behavior on the world-line (i.e., when |ya| → 0) can be given in powers of yµa as
δξαa (ya) =
K∑
k≥3
1
k!
δξαa0 µ1...µk(y
0
a)y
µ1
a
...yµka +O(|yµa |K+1) +O(c−2), (192)
where δξαa0 µ1...µk(y
0
a) are STF tensors that depend only on time-like coordinate. Using the solution (192) in Eq. (191),
we can see that δξα0µ1...µk is also antisymmetric with respect to the index α and any of the spatial indices µ1...µk.
Combination of these two conditions suggests that δξα0µ1...µk = 0 for all k ≥ 3, thus
δξαa (ya) = O(c−2). (193)
Therefore, application of the harmonic gauge conditions leads to the following structure of the function Qαa :
Qαa (ya) = qαa0 −
(
1
2v
α
a0v
ǫ
a0 + ω
αǫ
a0 + γ
αǫ
(∂κa0
∂y0a
+ 12va0λv
λ
a0
))
yaǫ + aa0ǫ
(
yαa y
ǫ
a − 12γαǫyaλyλa
)
+O(c−2), (194)
where qαa0 , ω
αǫ
a0 and κa0 are yet to be determined.
3. Determining the structure of La
We now turn our attention to the second gauge condition on the temporal coordinate transformation, Eq. (84).
Using the intermediate solution (183) of the function Ka, we obtain the following equation for La:
γǫλ
∂2La
∂yǫa∂y
λ
a
= −c2∂
2Ka
∂y0a
2 +O(c−2) = c
(
va0ǫa
ǫ
a0 + a˙a0ǫy
ǫ
a
)− c2 ∂
∂y0a
(∂κa0
∂y0a
+ 12va0ǫv
ǫ
a0
)
+O(c−2). (195)
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The general solution of Eq. (195) for La may be presented as a sum of a solution δLa for the inhomogeneous Poisson
equation and a solution δLa0 of the homogeneous Laplace equation. A trial solution of the inhomogeneous equation
to this equation, δLa, is sought in the following form:
δLa = ck1(va0ǫaǫa0)(yaµyµa ) + ck2(a˙a0ǫyǫa)(yaνyνa)− k3c2
∂
∂y0a
(∂κa0
∂y0a
+ 12va0ǫv
ǫ
a0
)
(yaνy
ν
a) +O(c−2), (196)
where k1, k2, k3 are some constants. Direct substitution of Eq. (196) into Eq. (195) results in the following values for
these constants:
k1 =
1
6
, k2 =
1
10
, k3 =
1
6
. (197)
As a result, the solution for δLa that satisfies the harmonic gauge conditions has the following form:
δLa(ya) = 16c
(
va0ǫa
ǫ
a0
)
(yaνy
ν
a) +
1
10c(a˙a0ǫy
ǫ
a)(yaνy
ν
a)− 16c2
∂
∂y0a
(∂κa0
∂y0a
+ 12va0ǫv
ǫ
a0
)
(yaνy
ν
a) +O(c−2). (198)
The solution for the homogeneous equation with regular behavior on the world-line (i.e., when |yµa | → 0) may be
presented as follows:
La0(ya) = ℓa0(y0) + ℓa0λ(y0a) yλa + 12ℓa0λµ(y0a) yλayµa + δℓa(ya) +O(c−2), (199)
where ℓa0λµ is an STF tensor of second rank and δℓa is a function formed from similar STF tensors of higher order:
δℓa(ya) =
K∑
k≥3
1
k!
δℓa0 µ1...µk(y
0
a)y
µ1
a
...yµka +O(|yµa |K+1) +O(c−2). (200)
Finally, the general solution of the Eq. (195) may be presented as a sum of the special solution δLa of the inhomo-
geneous equation and the solution La0 of the homogeneous equation ∆La = 0. Therefore, the general solution for the
harmonic gauge equations for the function La(ya) = La0 + δLa has the following form:
La(ya) = ℓa0 + ℓa0λ yλa + 12 ℓa0λµ yλayµa + δℓa(ya) +
+ 16c
(
va0ǫa
ǫ
a0
)
(yaνy
ν
a) +
1
10c(a˙a0ǫy
ǫ
a)(yaνy
ν
a)− 16 c2
∂
∂y0a
(∂κa0
∂y0a
+ 12va0ǫv
ǫ
a0
)
(yaνy
ν
a) +O(c−2). (201)
D. Harmonic functions of the coordinate transformation to a local frame
As a result of imposing the harmonic gauge conditions, we were able to determine the structure of the transformation
functions Ka,Qαa and La that satisfy the harmonic gauge:
Ka(ya) = κa0 − c(va0µyµa ) +O(c−4), (202)
Qαa (ya) = qαa0 −
(
1
2v
α
a0v
ǫ
a0 + ω
αǫ
a0 + γ
αǫ
(∂κa0
∂y0a
+ 12va0λv
λ
a0
))
yaǫ + aa0ǫ
(
yαa y
ǫ
a − 12γαǫyaλyλa
)
+O(c−2), (203)
La(ya) = ℓa0 + ℓa0λ yλa + 12ℓa0λµ yλayµa + δℓa(ya) +
+ 16c
((
va0ǫa
ǫ
a0
)− c ∂
∂y0a
(∂κa0
∂y0a
+ 12va0ǫv
ǫ
a0
))
(yaνy
ν
a) +
1
10c(a˙a0ǫy
ǫ
a)(yaνy
ν
a) +O(c−2). (204)
Note that the harmonic gauge conditions allow us to reconstruct the structure of these functions with respect to
spatial coordinate yµa . However, the time-dependent functions κa0 , q
α
a0 , ω
αǫ
a0 , ℓa0 , ℓa0λ, ℓa0λµ, and δℓa0 µ1...µk cannot
be determined from the gauge conditions alone. We need to apply another set of conditions that would dynamically
define the proper reference frame of a moving observer, thereby fixing these time-dependent functions. This procedure
will be discussed in the following section.
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IV. DYNAMICAL CONDITIONS FOR A PROPER REFERENCE FRAME
As we saw in the preceding section, introduction of the harmonic gauge allows one to determine the harmonic
structure of the transformation functions Ka, La and Qαa , but it was insufficient to completely determine these
functions. To proceed further, we investigate the dynamics of a co-moving observer in the accelerated reference frame.
To define a proper reference frame for a body a, we consider the metric tensor gmn(ya), given by Eqs. (156)–(158).
Note that the scalar, w, and vector, wα, potentials given by Eqs. (159) and (160) could be interpreted as a linear
superposition of three different types of potentials, representing gravity and inertia, namely:
w(ya) = wa(ya) +
∑
b6=a
wb(ya) + ua(ya) +O(c
−4), (205)
wα(ya) = w
α
a (ya) +
∑
b6=a
wαb (ya) + u
α
a (ya) +O(c
−2), (206)
where wa(ya) and w
α
a (ya), are the scalar and vector gravity potentials produced by the body a itself. Potentials
wext(ya) =
∑
b6=a wb(ya) and w
α
ext(ya) =
∑
b6=a w
α
b (ya) represent external gravitational field produced in the vicinity
of the body a by other bodies (b 6= a) of the N -body system. Finally, the quantities ua(ya) and uαa (ya) are the scalar
and vector potentials of field of inertia in the frame associated with the of the body a, which are given as below
ua(ya) = −∂Ka
∂y0a
− 12va0ǫvǫa0 −
1
c2
{∂La
∂y0a
+ cva0ǫ
∂Qǫa
∂y0a
+ 12
(∂Ka
∂y0a
)2
−
(∂Ka
∂y0a
+ 12va0ǫv
ǫ
a0
)2}
+O(c−4), (207)
uαa (ya) = − 14
{
γαǫ
1
c
∂La
∂yǫa
+ c
∂Qαa
∂y0a
+ γαǫva0λ
∂Qλa
∂yǫa
− vαa0
∂Ka
∂y0a
}
+ O(c−2). (208)
As both inertial potentials depend on the coordinate transformation functions, imposing conditions on ua(ya) and
uαa (ya) will allow us to fix the time-dependent functions still present in Eqs. (202)–(204). Conversely, a particular
choice of these potentials will correspond to a particular choice of the reference frame associated with the body a.
Physically, we choose the coordinate system {yma } in the proper reference frame of the body a such that along
the world-line of the body5 the external gravitational potentials wb and w
α
b , b 6= a and the first spatial derivatives
∂βwb and ∂βw
α
b are absent, so that the spacetime of the N -body system in the local coordinates along the world-line
gmn(ya) reduces to the spacetime produced by the gravity of body a only, g
a
mn(ya). To put it another way, on the
world-line of the body a, the presence of the external gravity will be completely compensated by the frame-reaction
potentials. Consequently, in accordance with the Equivalence Principle (EP), the external gravitational field in the
body-centric metric will be manifested only via relativistic tidal effects in the vicinity of the world-line of body a.
These requirements constitute a generalized set of Fermi-conditions in the case of the N -body system.
The approach outlined above was originally developed for an accelerated observer in [20]; below, we shall implement
this approach for the gravitational N -body problem.
A. ‘Good’ proper reference frame and local metric conditions
An observer that remains at rest with respect to the accelerating frame does so because of the balance between
an external force and the fictitious frame-reaction force [20], which is exerted by the local inertia represented by the
harmonic potentials (207)–(208). If the external force is universal (in the sense of the weak EP) and in the case of
complete balance of external and this fictitious frame-reaction force, there will be no net force acting on the observer
allowing him to be at rest in what we shall call its proper reference frame. The motion of the observer in this frame,
then, will resemble a free-fall that follows a geodesic with respect to the local metric gmn. It would, thus, be natural
to require that in order for the observer to be at rest in his proper reference frame associated with the local metric, the
observer’s ordinary relativistic three-momentum in that frame should be conserved. We can explore these conditions
5 As a first step, we treat the body as a test particle that follows a geodesic in the external gravity field. In the 1PNA, this allows one to
determine the structure and the largest contributions to all the quantities of interest. However, as we discussed in Sec. I, interaction of
the body’s intrinsic multipole moments with the external gravity causes the body to deviate from a geodesic trajectory. In Sec. IVD,
we present a procedure to determine the small corrections to the body’s equations of motion and relevant terms in the coordinate
transformations resulting from such a deviation. For this purpose, we treat the body as an extended object and integrate equations of
the energy-momentum conservation over the body’s volume, which yields the desired corrections.
25
by writing down the Lagrangian of a test particle that represents the observer and find that it is possible to eliminate
all the remaining unknown components of Ka, La and Qαa .
The metric tensor gmn(ya), given by Eqs. (156)–(158) allows one to study the dynamics of the reference frame that
moves in response to the presence of the external force. The Lagrangian L of a test particle that moves in this system
can be obtained directly from the metric gmn and written as below [20, 24]:
La = −mac2 ds
dy0a
= −mac2
(
gmn
dyma
dy0a
dyna
dy0a
)1/2
=
= −mac2
{
1 + c−2
(
1
2vǫv
ǫ − w
)
+ c−4
(
1
2w
2 − 18 (vǫvǫ)2 − 4vǫwǫ + 32vǫvǫw +O(c−6)
}
. (209)
The Lagrangian given by Eq. (209) leads to the following equation of motion:
c
d
dy0a
{
vα
(
1 + c−2
(
3w − 12vǫvǫ
)− 4c−2wα +O(c−4))} = −∂αaw
{
1− c−2( 32vǫvǫ + w
)} − 4
c2
vǫ∂
α
aw
ǫ +O(c−4),(210)
where ∂aα = ∂/∂y
α
a . It can be shown that Eq. (210) is equivalent to the geodesic equation for the local reference
frame that is freely falling in the external gravitational field. However, Eq. (210) has the advantage that it allows to
separate relativistic quantities and to study the motion of the system in a more straightforward way.
The condition that the particle, representing an observer, is to remain at rest with respect to the accelerating frame,
then, amounts to demanding conservation of its three-dimensional momentum pα = ∂La/∂v
α:
pα = vα
(
1 + c−2
(
3w − 12vǫvǫ
))− 4c−2wα +O(c−4). (211)
In other words, the total time derivative of pα must vanish. We assume that the observer is located at the spatial origin
of the local coordinates, ya ≡ |yαa | = 0. Then this condition amounts to requiring that the first spatial derivatives
∂aβwb and ∂aβw
α
b are equal to that produced by the gravity of body a only. Thus, we require the following two
conditions to hold:
lim
ya→0
∂w(ya)
∂yβa
=
∂wa
∂yβa
∣∣∣
ya=0
+O(c−4), (212)
lim
ya→0
∂wα(ya)
∂yβa
=
∂wαa
∂yβa
∣∣∣
ya=0
+O(c−2). (213)
We also require that on the world-line of the body its momentum (211) is to depend only on the potentials produced
by the body itself and is independent on external gravitational fields, namely:
pα|ya = vα
(
1 + c−2
(
3wa − 12vǫvǫ
))− 4c−2wαa +O(c−4). (214)
Thus, we require that another pair of conditions hold:
lim
ya→0
w(ya) = wa
∣∣
ya=0
+O(c−4), (215)
lim
ya→0
wα(ya) = w
α
a
∣∣
ya=0
+O(c−2). (216)
Therefore, summarizing Eqs. (212)–(213) and (215)–(216), we require that the following relations involving scalar
and vector potentials w and wα hold along the world-line:
lim
|ya|→0
w(ya) = wa|ya=0 +O(c−4), lim
|ya|→0
∂w(ya)
∂yβa
=
∂wa
∂yβa
∣∣∣
ya=0
+O(c−4) (217)
lim
|ya|→0
wα(ya) = w
α
a |ya=0 +O(c−2), lim
|ya|→0
∂wα(ya)
∂yβa
=
∂wαa
∂yβa
∣∣∣
ya=0
+O(c−2). (218)
In practical terms, the procedure proposed here can be formulated by proceeding with the following three steps:
i) replace body a with a test particle that moves on a geodesic in the background of the other bodies; in this case, the
quantities w and wα entering the Lagrangian (209) are given by Eqs. (205) and (206), representing external gravity
and inertia: w ∼ wext + ua, wα ∼ wαext + uαa ; ii) choose a Fermi-type coordinate system where the combination
of the external and inertial metric components together with their gradients are zero (to satisfy the weak EP); the
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3-momentum of the test particle pα satisfies the geodesic equation (210); and iii) switch on the self-gravitational field
of body a, which is still assumed to be a point-like particle; this yields the conditions (217)–(218).
Taking the decomposition of the total harmonic potentials in the local frame and using this decomposition into the
proper and external gravity potentials, and inertial potentials (205)–(206), conditions (217)–(218) may equivalently
be presented as
(∑
b6=a
wb(ya) + ua(ya)
)∣∣∣
ya=0
= O(c−4),
(∑
b6=a
∂wb(ya)
∂yβa
+
∂ua(ya)
∂yβa
)∣∣∣
ya=0
= O(c−4), (219)
(∑
b6=a
wαb (ya) + u
α
a (ya)
)∣∣∣
ya=0
= O(c−2),
(∑
b6=a
∂wαb (ya)
∂yβa
+
∂uαa (ya)
∂yβa
)∣∣∣
ya=0
= O(c−2). (220)
These conditions yield additional equations needed to determine the explicit form of the coordinate transformation
functions Ka,La and Qαa , allowing us to fix the time in the local coordinates. As it was demonstrated in [20], the
conditions (219)–(220) can be used to determine frame-reaction potentials. These potentials are the combination of
the terms on the right-hand sides of Eqs. (159)–(160) that depend only on the coordinate transformation functions
Ka,La and Qαa and their derivatives. In addition, this procedure also enables us to determine the equations of motion
of an observer with respect to the inertial reference system (logical, but somewhat unexpected result), written in
his own coordinates {yka}. As a result, the dynamical conditions discussed above are necessary to fix the remaining
freedom in the harmonic coordinate transformation functions Ka,La and Qαa and uniquely determine their structure.
B. Application of the dynamical conditions to fix the proper reference frame
Imposing the generalized Fermi conditions (217)–(218) on the potentials w and wα, which are given by Eqs. (159)–
(160), and using ρ to denote the value of any function ρ(ya) on the world-line of body a via
lim
|ya|→0
ρ(ya) = ρ|ya=0 = ρ, (221)
results in the following set of partial differential equations on the world-line of the body a:
∑
b6=a
wb − ∂κa0
∂y0a
− 12va0ǫvǫa0 −
1
c2
{∂La
∂y0a
+ cva0ǫ
∂Qǫa
∂y0a
+ 12
(∂κa0
∂y0a
)2
−
(∂κa0
∂y0a
+ 12va0ǫv
ǫ
a0
)2}∣∣∣
ya=0
= O(c−4), (222)
∑
b6=a
∂wb
∂yβa
+ aa0β −
1
c2
{ ∂2La
∂yβa∂y0a
+ cva0ǫ
∂2Qǫa
∂yβa∂y0a
+ aa0β
(∂κa0
∂y0a
+ va0ǫv
ǫ
a0
)}∣∣∣
ya=0
= O(c−4), (223)
∑
b6=a
wαb − 14
{
γαǫ
1
c
∂La
∂yǫa
+ c
∂Qαa
∂y0a
+ γαǫva0λ
∂Qλa
∂yǫa
− vαa0
∂κa0
∂y0a
}∣∣∣
ya=0
= O(c−2), (224)
∑
b6=a
∂wbα
∂yβa
− 14
{1
c
∂2La
∂yαa∂y
β
a
+ cγαλ
∂2Qλa
∂y0a∂y
β
a
+ va0λ
∂2Qλa
∂yαa ∂y
β
a
+ va0αaa0β
}∣∣∣
ya=0
= O(c−2). (225)
Equations (222)–(225) may be used to determine uniquely the transformation functions Ka,La and Qαa . Indeed,
from the first two equations above, (222) and (223), we immediately have:
∑
b6=a
Ub − ∂κa0
∂y0a
− 12va0ǫvǫa0 = O(c−4), (226)
∑
b6=a
∂Ub
∂yβa
+ aa0β = O(c−4), (227)
where we, for convenience, have split the scalar potential wb into Newtonian (Ub) and post-Newtonian (δwb) parts:
wb = Ub +
1
c2
δwb +O(c−4). (228)
With such a decomposition, the gravitational scalar and vector potentials in the proper reference frame of the body
a, defined by Eqs. (161)–(162), have the following form as functions of local coordinates:
wb(ya) = Ub(x(ya)) +
1
c2
δwb(ya) +O(c−4), (229)
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wαb (ya) = wˆ
α
b (x(ya))− vαa0Ub(x(ya)) +O(c−2), (230)
with δwb(ya) given by the following expression:
δwb(ya) = δwˆb(x(ya))− 2(va0ǫvǫa0)Ub(x(ya)) + 4va0ǫwˆǫb(x(ya)) +O(c−2). (231)
Eqs. (202) and (226) allow us to determine κa0 and present the solution for the function Ka as:
Ka(ya) =
∫ y0
a
y0
a0
(∑
b6=a
Ub − 12va0ǫvǫa0
)
dy′0a − c(va0ǫyǫa) +O(c−4), (232)
where the Newtonian potential Ub is given evaluated on the world-line of the body a, namely Ub = Ub(x(ya))|ya=0.
From Eq. (227) we also have the well-known Newtonian equation of motion of the body a:
aαa0 = −γαǫ
∑
b6=a
∂Ub
∂yǫa
+O(c−4), (233)
where the gradient of the Newtonian potential ∂Ub/∂y
α
a is taken on the world-line of the body a.
Substituting the expression (226) into Eq. (203), we can determine the function Qαa :
Qαa (ya) = qαa0 −
(
1
2v
α
a0v
ǫ
a0 + γ
αǫ
∑
b6=a
Ub + ω
αǫ
a0
)
yaǫ + aa0ǫ
(
yαa y
ǫ
a − 12γαǫyaλyλa
)
+O(c−2). (234)
Finally, the general solution for the function La, given by Eq. (204), now takes the following form:
La(ya) = ℓa0+ℓa0λ yλa+ 12ℓa0λµ yλayµa− 16c
(∑
b6=a
c
∂Ub
∂y0a
−va0ǫaǫa0
)
(yaνy
ν
a)+
1
10c(a˙a0ǫy
ǫ
a)(yaνy
ν
a)+δℓa(ya)+O(c−2). (235)
The next task is to find the remaining undetermined time-dependent functions present in Qαa and La, as given by
Eqs. (234) and (235). To do this, we rewrite the remaining parts of Eqs. (222)–(225) as a system of partial differential
equations, again set on the world-line of the body a:
∑
b6=a
δwb −
{∂La
∂y0a
+ cva0ǫ
∂Qǫa
∂y0a
+ 12
(∂κa0
∂y0a
)2
−
(∂κa0
∂y0a
+ 12va0ǫv
ǫ
a0
)2}∣∣∣
ya=0
= O(c−2), (236)
∑
b6=a
∂δwb
∂yβa
−
{ ∂2La
∂yβa∂y0a
+ cva0ǫ
∂2Qǫa
∂yβa∂y0a
+ aa0β
(∂κa0
∂y0a
+ va0ǫv
ǫ
a0
)}∣∣∣
ya=0
= O(c−2), (237)
∑
b6=a
wαb − 14
{
γαǫ
1
c
∂La
∂yǫa
+ c
∂Qαa
∂y0a
+ γαǫva0λ
∂Qλa
∂yǫa
− vαa0
∂κa0
∂y0a
}∣∣∣
ya=0
= O(c−2), (238)
∑
b6=a
∂wbα
∂yβa
− 14
{1
c
∂2La
∂yαa ∂y
β
a
+ cγαλ
∂2Qλa
∂y0a∂y
β
a
+ va0λ
∂2Qλa
∂yαa ∂y
β
a
+ va0αaa0β
}∣∣∣
ya=0
= O(c−2). (239)
These equations may be used to determine the remaining unknown time-dependent functions ℓa0 , ℓa0λ, ℓa0λµ, and
also qαa0 and ω
αǫ
a0 , which are still present in the transformation functions. Thus, substituting the solutions for Ka and
Qαa , given respectively by Eqs. (231), (232) and (234), into Eq. (236) leads to the following solution for ℓ˙a0 :
1
c ℓ˙a0 = −va0ǫq˙ǫa0 − 18 (va0ǫvǫa0)2 − 32 (va0ǫvǫa0)
∑
b6=a
Ub + 4va0ǫ
∑
b6=a
wˆǫb +
1
2 (
∑
b6=a
Ub)
2 +
∑
b6=a
δwˆb +O(c−2). (240)
Next, Eq. (237) results in the following equation for ℓ˙αa0 :
1
c ℓ˙
α
a0 =
∑
b6=a
(∂δwˆb
∂yaα
+4va0ǫ
∂wˆǫb
∂yaα
)
−aαa0
∑
b6=a
Ub+2(va0ǫv
ǫ
a0)a
α
a0 +
1
2v
α
a0(va0ǫa
ǫ
a0)+v
α
a0
∑
b6=a
c
∂Ub
∂y0a
−va0ǫω˙αǫa0 +O(c−2). (241)
From Eq. (238) we can determine ℓαa0 :
1
c ℓ
α
a0 = −q˙αa0 + 4
∑
b6=a
wˆαb − 2vαa0
∑
b6=a
Ub − va0ǫ ωαǫa0 +O(c−2). (242)
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Eq. (239) leads to the following solution for ℓαβa0 :
1
c ℓ
αβ
a0 = 4
∑
b6=a
∂wˆαb
∂yaβ
+ 43γ
αβ
∑
b6=a
c
∂Ub
∂y0a
+ 23γ
αβva0ǫa
ǫ
a0 +
5
2v
α
a0a
β
a0 − 12vβa0aαa0 + ω˙αβa0 +O(c−2). (243)
The quantity ℓαβa0 is an STF tensor. The expression on the right-hand side must, therefore, be also symmetric. This
can be achieved by choosing the anti-symmetric tensor ω˙αβa0 appropriately. With the help of (233), this can be done
uniquely, resulting in
ω˙αβa0 =
1
2 (v
α
a0a
β
a0 − vβa0aαa0) + 2
∑
b6=a
(∂(wˆβb − vβa0Ub)
∂yaα
− ∂(wˆ
α
b − vαa0Ub)
∂yaβ
)
+O(c−2), (244)
which leads to the following solution for ℓαβa0 :
1
c ℓ
αβ
a0 = 2
∑
b6=a
(∂(wˆβb − vβa0Ub)
∂yaα
+
∂(wˆαb − vαa0Ub)
∂yaβ
)
+ 43γ
αβ
∑
b6=a
c
∂Ub
∂y0a
+
(
2
3γ
αβva0ǫa
ǫ
a0−vαa0aβa0−vβa0aαa0
)
+O(c−2). (245)
Using the rules (161)–(162) for transforming the potentials, together with the continuity equation (163), one can
verify that (245) is trace-free.
Also, using Eq. (244), one can present a solution for ℓ˙αa0 , Eq. (241), in the form
1
c ℓ˙
α
a0 =
∑
b6=a
∂δwˆb
∂yaα
+2va0ǫ
∑
b6=a
( ∂wˆǫb
∂yaα
+
∂wˆαb
∂yaǫ
)
+
(
1
2 (va0ǫv
ǫ
a0)−
∑
b6=a
Ub
)
aαa0+2v
α
a0(aa0ǫv
ǫ
a0)+v
α
a0
∑
b6=a
c
∂Ub
∂y0a
+O(c−2). (246)
Finally, Eqs. (241) and (242) allow us to determine the equation for qαa0 . Indeed, differentiating Eq. (242) with
respect to time and subtracting the result from Eq. (241), we obtain the following equation for q¨αa0 :
q¨αa0 = −γαǫ
∑
b6=a
∂δwˆb
∂yǫa
+ 4
∑
b6=a
c
∂wˆαb
∂y0a
− 4va0ǫ
∑
b6=a
∂wˆǫb
∂yaα
− aαa0
∑
b6=a
Ub − 3vαa0
∑
b6=a
c
∂Ub
∂y0a
−
−
(
1
2v
α
a0v
ǫ
a0 + ω
αǫ
a0
)
aa0ǫ − 2aαa0(va0ǫvǫa0) +O(c−2). (247)
Therefore, we can use Eq. (247) to completely determine the function qα0 .
The true position of a body a includes terms to all orders, not just the first-order (Galilean) term. This led us to
introduce the post-Galilean vector, xαa0(y
0
a), defined by Eq. (39). Combining this definition with Eqs. (227) and (247),
we can now relate the magnitude of the frame-reaction force (acting on a unit mass), written in the local reference
frame of the body a, to the acceleration produced by the external gravitational field x¨αa0 = z¨
α
a0 + c
−2q¨αa0 +O(c−4):
x¨αa0 = −
∑
b6=a
∂wˆb
∂yǫa
{
γαǫ − 1
c2
(
γαǫ
∑
b6=a
Ub +
1
2v
α
a0v
ǫ
a0 + ω
αǫ
a0 + 2γ
αǫ(va0ǫv
ǫ
a0)
)}
+
+
1
c2
(
4
∑
b6=a
c
∂wˆαb
∂y0a
− 4va0ǫ
∑
b6=a
∂wˆǫb
∂yaα
− 3vαa0
∑
b6=a
c
∂Ub
∂y0a
)
+O(c−4). (248)
The equation of motion (248) establishes the correspondence between the external gravitational field and the
fictitious frame-reaction acceleration x¨αa0(y
0) that is needed to keep the body at rest in its proper reference frame.
This frame-reaction force balances the effect of the external gravity acting on the observer co-moving with the body.
C. Summary of results for the direct transformations
In the preceding sections, we sought to write the general post-Galilean transformation from a global, inertial frame
of reference to a local, accelerating frame in the form
x0 = y0a + c
−2Ka(yka) + c−4La(yka) +O(c−6)y0a, (249)
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xα = yαa + z
α
a0(y
0
a) + c
−2Qαa (yka) +O(c−4). (250)
To determine the unknown functions Ka, Qαa , and La, we used the following approach: i) we imposed the harmonic
gauge conditions on the metric tensors in the global and local reference frames; ii) we ensured that the non-inertial
local frame is non-rotating; iii) we introduced a co-moving accelerating observer at rest with respect to the proper ac-
celerating frame of a body a; iv) we required that a co-moving observers’s ordinary three-dimensional three-momentum
be conserved on the world-line occupied by the accelerating frame.
Together, these conditions were sufficient to determine Ka, Qαa , and La unambiguously. Ka and Qαa are given by:
Ka(ya) =
∫ y0
a
y0
a0
(∑
b6=a
Ub − 12va0ǫvǫa0
)
dy′0a − c(va0ǫyǫa) +O(c−4), (251)
Qαa (ya) = qαa0 −
(
1
2v
α
a0v
ǫ
a0 + γ
αǫ
∑
b6=a
Ub + ω
αǫ
a0
)
yaǫ + aa0ǫ
(
yαa y
ǫ
a − 12γαǫyaλyλa
)
+O(c−2), (252)
with the anti-symmetric relativistic precession matrix ωαβa0 given by Eq. (244) and the post-Newtonian component of
the spatial coordinate in the local frame, qαa0 , given by Eq. (247).
To present the last transformation function, La(ya), we use the explicit dependence of the Newtonian and post-
Newtonian components of scalar and vector potentials on the body-centric potentials, as given by Eqs. (161) and
(162). As a result, La(ya) is given by:
La(ya) = ℓa0 + ℓa0λ yλa + 12
(
ℓa0λµ +
1
3cγλµ
(
va0ǫa
ǫ
a0 −
∑
b6=a
U˙b
))
yλay
µ
a +
1
10c(a˙a0ǫy
ǫ
a)(yaνy
ν
a) + δℓa(ya) +O(c−2), (253)
where the functions ℓa0 , ℓ
α
a0 and ℓ
αβ
a0 are defined using the following expressions:
1
c ℓ˙a0 = −va0ǫq˙ǫa0 − 18 (va0ǫvǫa0)2 − 32 (va0ǫvǫa0)
∑
b6=a
Ub + 4va0ǫ
∑
b6=a
wˆǫb +
1
2 (
∑
b6=a
Ub)
2 +
∑
b6=a
δwˆb +O(c−2), (254)
1
c ℓ
α
a0 = −q˙αa0 + 4
∑
b6=a
wˆαb − 2vαa0
∑
b6=a
Ub − va0ǫ ωαǫa0 +O(c−2), (255)
1
c ℓ
αβ
a0 = 2
∑
b6=a
( ∂wβb
∂yaα
+
∂wαb
∂yaβ
)
+ 43γ
αβ
∑
b6=a
c
∂Ub
∂y0a
+
(
2
3γ
αβva0ǫa
ǫ
a0 + v
α
a0a
β
a0 + v
β
a0a
α
a0
)
+O(c−2). (256)
Substituting these solutions for the functions Ka,Qαa and La into the expressions for the potentials w and wα given
by Eqs. (159)–(160), we find the following form for these potentials:
w(ya) =
∑
b
wb(ya)−
∑
b6=a
(
wb + y
ǫ
a
∂wb
∂yǫa
)
−
− 1
c2
{
1
2y
ǫ
ay
λ
a
[
γǫλaa0µa
µ
a0 + aa0ǫaa0λ + 2a˙a0ǫva0λ + 2va0ǫa˙a0λ + γǫλ
∑
b6=a
U¨b +
+ 2
∑
b6=a
( ˙∂wbλ
∂yǫa
+
˙∂wbǫ
∂yλa
)]
+ 110 (a¨a0ǫy
ǫ
a)(yaµy
µ
a ) + ∂0δℓa
}
+O(c−4), (257)
wα(ya) =
∑
b
wαb (ya)−
∑
b6=a
(
wαb + y
ǫ
a
∂wαb
∂yǫa
)
− 110
{
3yαa y
ǫ
a − γαǫyaµyµa
}
a˙a0ǫ − 14 1c
∂δℓa
∂yaα
+O(c−2), (258)
where wb(ya) and w
α
b (ya) are given by Eqs. (179)–(180), correspondingly.
Substitution of these solutions for the potentials into the expressions for the metric tensor given by Eqs. (156)–(158)
leads to the following form of the local metric tensor:
g00(ya) = 1− 2
c2
{∑
b
wb(ya)−
∑
b6=a
(
wb + y
ǫ
a
∂wb
∂yǫa
)}
+
2
c4
{[∑
b
Ub(ya)−
∑
b6=a
(
Ub + y
ǫ
a
∂Ub
∂yǫa
)]2
+
+ 12y
ǫ
ay
λ
a
[
γǫλaa0µa
µ
a0 + aa0ǫaa0λ + 2a˙a0ǫva0λ + 2va0ǫa˙a0λ + γǫλ
∑
b6=a
U¨b +
30
+ 2
∑
b6=a
( ˙∂wbλ
∂yǫa
+
˙∂wbǫ
∂yλa
)]
+ 110 (a¨a0ǫy
ǫ
a)(yaµy
µ
a ) + ∂0δℓa
}
+O(c−6), (259)
g0α(ya) = −γαλ 4
c3
{∑
b
wλb (ya)−
∑
b6=a
(
wλb + y
ǫ
a
∂wλb
∂yǫa
)
− 110
{
3yλay
ǫ
a − γλǫyaµyµa
}
a˙a0ǫ
}
+
1
c4
∂δℓa
∂yαa
+O(c−5), (260)
gαβ(ya) = γαβ + γαβ
2
c2
{∑
b
wb(ya)−
∑
b6=a
(
wb + y
ǫ
a
∂wb
∂yǫa
)}
+O(c−4). (261)
All terms in this metric are determined except for the function δℓa, which remains unknown. We note that the
potentials Eqs. (257)–(258) depend on partial derivatives of δℓa. The same partial derivatives appear in the temporal
and mixed components of the metric (259)–(260). The presence of these terms in the metric amounts to adding a
full time derivative to the Lagrangian that describes the system of the moving observer. Indeed, separating the terms
that depend on δℓa from the Lagrangian constructed with Eqs. (259)–(261), we get:
δLδℓa = −mc2
{ 2
c4
(∂δℓa
∂y0a
+
vǫ
c
∂δℓa
∂yǫa
)
+O(c−6)
}
= −mc2
{ 2
c4
dδℓa
dy0a
+O(c−6)
}
. (262)
As a result, the remainder of the gauge transformation depending on δℓa will not change the dynamics in the system
and, thus, it can be omitted, so that the potentials w and wα take the form:
w(ya) =
∑
b
wb(ya)−
∑
b6=a
(
wb + y
ǫ
a
∂wb
∂yǫa
)
−
− 1
c2
{
1
2y
ǫ
ay
λ
a
[
γǫλaa0µa
µ
a0 + aa0ǫaa0λ + 2a˙a0ǫva0λ + 2va0ǫa˙a0λ + γǫλ
∑
b6=a
U¨b +
+ 2
∑
b6=a
( ˙∂wbλ
∂yǫa
+
˙∂wbǫ
∂yλa
)]
+ 110 (a¨a0ǫy
ǫ
a)(yaµy
µ
a )
}
+O(c−4), (263)
wα(ya) =
∑
b
wαb (ya)−
∑
b6=a
(
wαb + y
ǫ
a
∂wαb
∂yǫa
)
− 110
{
3yαa y
ǫ
a − γαǫyaµyµa
}
a˙a0ǫ +O(c−2). (264)
We can now present the local metric in the following final form:
g00(ya) = 1− 2
c2
{∑
b
wb(ya)−
∑
b6=a
(
wb + y
ǫ
a
∂wb
∂yǫa
)}
+
2
c4
{[∑
b
Ub(ya)−
∑
b6=a
(
Ub + y
ǫ
a
∂Ub
∂yǫa
)]2
+
+ 12y
ǫ
ay
λ
a
[
γǫλaa0µa
µ
a0 + aa0ǫaa0λ + 2a˙a0ǫva0λ + 2va0ǫa˙a0λ + γǫλ
∑
b6=a
U¨b + 2
∑
b6=a
( ˙∂wbλ
∂yǫa
+
˙∂wbǫ
∂yλa
)]
+
+ 110 (a¨a0ǫy
ǫ
a)(yaµy
µ
a )
}
+O(c−6), (265)
g0α(ya) = −γαλ 4
c3
{∑
b
wλb (ya)−
∑
b6=a
(
wλb + y
ǫ
a
∂wλb
∂yǫa
)
− 110
{
3yλay
ǫ
a − γλǫyaµyµa
}
a˙a0ǫ
}
+O(c−5), (266)
gαβ(ya) = γαβ + γαβ
2
c2
{∑
b
wb(ya)−
∑
b6=a
(
wb + y
ǫ
a
∂wb
∂yǫa
)}
+O(c−4), (267)
with the equation of motion of the body a, x¨αa0 = z¨
α
a0 + c
−2q¨αa0 +O(c−4) given by Eq. (248).
The coordinate transformations that place an observer into this reference frame are given below:
x0 = y0a + c
−2
{∫ y0
a
y0
a0
(∑
b6=a
wˆb − 12 (va0ǫ + c−2q˙a0ǫ)(vǫa0 + c−2q˙ǫa0)
)
dy′0a − c(va0ǫ + c−2q˙a0ǫ)yǫa
}
+
+ c−4
{∫ y0
a
y0
a0
(
− 18 (va0ǫvǫa0)2 − 32 (va0ǫvǫa0)
∑
b6=a
Ub + 4va0ǫ
∑
b6=a
wˆǫb +
1
2
(∑
b6=a
Ub
)2)
dy′0a +
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+ c
(
4
∑
b6=a
wˆbǫ − 2va0ǫ
∑
b6=a
Ub − vλa0 ωa0ǫλ
)
yǫa +
1
2c
[
γλµva0ǫa
ǫ
a0 + va0λaa0µ + va0µaa0λ +
+ γλµ
∑
b6=a
U˙b + 2
∑
b6=a
(∂wbµ
∂yλa
+
∂wbλ
∂yµa
)]
yλay
µ
a +
1
10c(a˙a0ǫy
ǫ
a)(yaνy
ν
a)
}
+O(c−6)y0a, (268)
xα = yαa + z
α
a0 + c
−2
{
qαa0 −
(
1
2v
α
a0v
ǫ
a0 + γ
αǫ
∑
b6=a
Ub + ω
αǫ
a0
)
yaǫ + aa0ǫ
(
yαa y
ǫ
a − 12γαǫyaλyλa
)}
+O(c−4). (269)
In practice, one can solve (268) by expressing it in a differential form dx0/dy0a, rather then using integrals over
time. This is a typical approach for solving equations of an analogous nature for time coordinate transformations; see
for instance [9, 11].
The expressions (265)–(267) represent the harmonic metric tensor in the local coordinates of the accelerating
reference frame. The form of the metric (265)–(267) and the coordinate transformations (268)–(269) are new and
extend previous formulations (discussed, for instance, in [13]) obtained with different methods. These results can
be used to develop models for high precision navigation and gravitational experiments [2]. However, for a complete
description of these experiments we would need to establish the inverse coordinate transformations – this task will be
performed in the next section.
D. Generalization to the case of extended self-gravitating bodies
The results that we obtained thus far can be generalized to extended bodies, in a manner similar to [30]. To do
this, we remember the equation for the conservation of the energy-momentum tensor of matter Eq. (5). It is known
that general relativity, in the weak field and slow motion approximation, possesses integral conservation laws for the
energy-momentum tensor of matter and the gravitational field taken jointly [1, 12, 30]. It means that equation (5)
can be identically represented as the conservation law of the sum of symmetric energy-momentum tensors of the
gravitational field tmng and matter t
mn
m in spacetime:
∇k
(√−gTmk) = ∂k
(
tmkg + t
mk
m
)
= 0. (270)
In the proper reference frame of the body a this equation takes the form of the conservation law of the total energy-
momentum tensor t˜mk = tmki + t
mk
g + t
mk
m of the fields of inertia, gravity, and matter taken jointly, namely:
∇k
(√−gTmk) = ∂
∂yka
(
tmki + t
mk
g + t
mk
m
)
= 0. (271)
Below we shall explore this relation and investigate the conditions under which this condition is satisfied.
Writing (5) for m = 0 and using (22), we obtain
c
∂
∂y0a
( 1
c2
√−gT 00
)
+
∂
∂yǫa
(1
c
√−gT 0ǫ
)
− 1
c2
(
σc
∂w
∂y0a
+ 2σµ
∂w
∂yµa
)
= O(c−4), (272)
where, for convenience, we introduced the symbols σ =
∑
b σb(ya) and σ
α =
∑
b σ
α
b (ya).
To bring relation (272) to the form of (271) it is necessary to transform the last two terms by extracting from them
the partial derivatives with respect to time and the three-dimensional divergence. Such a transformation cannot be
carried out in a unique manner. Indeed, using the harmonic equations
∆aw = 4πGσ +O(c−2) and ∆awα = 4πGσα +O(c−2), (273)
with ∆a being the Laplacian in the coordinates {yma } and also the Newtonian continuity equation
c
∂σ
∂y0a
+
∂σǫ
∂yǫa
= O(c−2), (274)
which can be derived directly from (272), we rewrite the given terms in the most general form reflecting this ambiguity:
σc
∂w
∂y0a
+ 2σµ
∂w
∂yµa
= c
∂
∂y0a
(
a1σw +
2a1 − 3
8πG
∂µw∂
µw
)
+
32
+
∂
∂yµa
(1− a1
4πG
c
∂w
∂y0a
∂µw +
a2c
4πG
w∂µ
∂w
∂y0a
+ (a1 + a2)wσ
µ +
a1 + a2 − 2
4πG
∂νw
(
∂νwµ − ∂µwν)), (275)
where a1 and a2 are arbitrary numbers and ∂
µ = ∂/∂yµa . With consideration of this relation, and collecting like terms
in (272), we get:
c
∂
∂y0A
(
t00i + t
00
g + t
00
m
)
+
∂
∂yβA
(
t0βi + t
0β
g + t
0β
m
)
= O(c−5), (276)
with the following expressions for the (00) and (0α) components of the density of total energy-momentum tensor:
t00i + t
00
g + t
00
m =
1
c2
√−gT 00 − 1
c2
(
a1σw +
2a1 − 3
8πG
∂µw∂
µw
)
+O(c−4), (277)
t0αi + t
0α
g + t
0α
m =
1
c
√−gT 0α + 1
c2
(a1 − 1
4πG
c
∂w
∂y0a
∂αw − a2c
4πG
w∂α
∂w
∂y0a
− (a1 + a2)wσα +
+
2− a1 − a2
4πG
∂νw
(
∂νwα − ∂αwν))+O(c−5). (278)
Remembering the definition for the scalar density σ given by Eq. (19) as σ = c−2
(
T 00 − γλµT λµ
)
and that for the
stress-energy tensor (22), we can write Eq. (5) for n = α as
c
∂
∂y0a
(1
c
√−gTα0
)
+
∂
∂yλa
(√−gTαλ)+√−gσ∂αw +
+
1
c2
{
− 2σ∂αw2 − 4σc∂0wα − 4σǫ∂ǫwα + 4σǫ∂αwǫ + 2σαc∂0w + 2∂λw
√−gTαλ
}
= O(c−4).(279)
To reduce this equation to the form (271) we use the following identities:
4πGσ∂αw =
∂
∂y0a
(
∂0w∂
αw
)
+
∂
∂yλa
(
∂αw∂λw − 1
2
γαλ∂µw∂
µw − 1
2
γαλ(∂0w)
2
)
, (280)
4πG
(
σc∂0w
α + σǫ(∂
ǫwα − ∂αwǫ)
)
= c
∂
∂y0a
(
c∂0w∂
αw + ∂ǫw(∂
αwǫ − ∂ǫwα)
)
+
+
∂
∂yǫa
(
(∂λwα − ∂αwλ)(∂ǫwλ − ∂λwǫ) + ∂αw c∂0wǫ + ∂ǫw c∂0wα +
+ γαǫ
(
∂µwν∂
µwν − ∂µwν∂νwµ − ∂λw c∂0wλ − 1
2
c2(∂0w)
2
))
. (281)
Substituting (280) and (281) into Eq. (279) and collecting the like terms, we obtain
c
∂
∂y0a
(
tα0i + t
α0
g + t
α0
m
)
+
∂
∂yβa
(
tαβi + t
αβ
g + t
αβ
m
)
= O(c−4), (282)
with the following expressions for the (α0) and (αβ) components of the density of the total energy-momentum tensor:
tα0i + t
α0
g + t
α0
m =
1
c
√−gT 0α + 1
c2
(
2wσα − 1
4πG
(
3c
∂w
∂y0a
∂αw + 4∂νw
(
∂αwν − ∂νwα)))+O(c−5), (283)
4πG(tαβi + t
αβ
g + t
αβ
m ) = 4πG
√−gTαβ
(
1 +
2
c2
w
)
+ ∂αw∂βw − 1
2
γαβ∂λw∂
λw +
3
2
γαβ(∂0w)
2 +
+
4
c2
(
(∂λwα − ∂αwλ)(∂λwβ − ∂βwλ)− ∂αw c∂0wβ − ∂βw c∂0wα +
+ γαλ
(
∂λw c∂0w
λ + ∂λw
ǫ∂ǫw
λ − ∂λwǫ∂λwǫ
))
+O(c−6). (284)
Given the conservation laws imposed by general relativity, together with Eq. (271), the expression (284) must then
contain the components of the complete energy-momentum tensor including matter, inertia, and gravitational field.
Below, we are mainly interested in the components t˜α0 of this tensor. Comparing the expressions for it given by
(278) and (283), we can see that t0αi + t
0α
g + t
0α
m 6= tα0i + tα0g + tα0m . Therefore, although it allows one to obtain the
conservation laws of energy and momentum, it is not yet sufficient for obtaining the remaining conservation laws for
33
which the components of the complete energy-momentum tensor of the system must be symmetric. In order to ensure
the symmetry of the complete energy-momentum tensor of the system we should set:
a1 = −2, a2 = 0. (285)
Thus, a necessary (but not sufficient) condition for the existence of all conservation laws is that relations (285)
should hold. With consideration of these equalities, the component t˜00 = t00i + t
00
g + t
00
m of (277) of the complete
energy-momentum tensor given will have the form:
t˜00 =
1
c2
√−gT 00 + 1
c2
(
2σw +
7
8πG
∂µw∂
µw
)
+O(c−4). (286)
This expression can be used to describe the density of energy distribution of the system of inertia, gravity and matter
in spacetime, while the component t˜α0 = tα0i + t
α0
g + t
α0
m of (283) can be used to describe the density of its momentum.
Integrating the expression for the energy-momentum tensor over the volume of space occupied by body a and using
the trivial relation: ∫
a
d3y′a∂µw∂
µw = −4πG
∫
a
d3y′aσw, (287)
we obtain the following expression for the energy P 0 of the system of matter, inertia and gravitational field, which is
defined in the vicinity of the body a as:
P 0a ≡ mac2 = c2
∫
a
d3y′a
(
t00i + t
00
g + t
00
m
)
=
∫
a
d3y′a
√−gT 00
(
1− 1
c2
3
2
w +O(c−4)
)
. (288)
The momentum Pαa of the system of fields in the coordinates of this local reference frame is determined in an
entirely analogous way: that is, by integrating the component t˜α0 given by (283) of the complete energy-momentum
tensor over the compact volume of the body a:
Pαa =
∫
a
d3y′a
(
tα0i + t
α0
g + t
α0
m
)
, (289)
which gives for the momentum Pαa the following expression:
Pαa =
∫
a
d3y′a
[1
c
√−gT 0α
(
1 +
2
c2
w
)
− 1
c2
1
4πG
(
3c
∂w
∂y0a
∂αw + 4∂νw
(
∂αwν − ∂νwα))]+O(c−5). (290)
Therefore, we shall henceforth use the following expression for the density of the total momentum of matter, inertia
and the gravitational field in the volume occupied by the body:
t˜0α =
1
c
√−gT 0α
(
1 +
2
c2
w
)
− 1
c2
1
4πG
(
3c
∂w
∂y0a
∂αw + 4∂νw
(
∂αwν − ∂νwα))+O(c−4), (291)
and for the total energy density we shall use the expression:
t˜00 =
√−gT 00
(
1− 1
c2
3
2
w +O(c−4)
)
. (292)
The relationships obtained will be used to define the equations of motion of the extended bodies form with respect
to the coordinates of the proper reference frame of a body a. Note that by integrating the expressions (291) and (292)
over the compact volumes of the bodies in the system, one may obtain the mass and the momentum of these bodies
measured with respect to the proper reference frame of a body a.
To formulate the coordinate transformations to the ‘good’ proper reference frame of an extended body a, we require
that in the 1PNA of the general theory of relativity, the energy of body a in its proper reference frame would not
depend on external bodies. We substitute in Eq. (288) the expression for the scalar potential w(ya) from (159) and
the solution for the harmonic function Ka from (202). To the required order we have:
P 0a =
∫
a
d3y′a
√−gT 00
(
1− 1
c2
3
2
(∑
b
Ub(ya)− ∂κa
∂y0a
− 12va0ǫvǫa0 + aa0ǫyǫa
)
+O(c−4)
)
. (293)
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The last term, proportional to yǫa, vanishes because of the definition of a dipole moment d
ǫ
a =
∫
a d
3y′aσay
ǫ
a = 0. Now,
if we choose κa to satisfy the equation∫
a
d3y′aσa
(∑
b6=a
Ub(ya)− ∂κa
∂y0a
− 12va0ǫvǫa0
)
= O(c−4), (294)
we would reach our objective. Therefore, the solution for the function κa has the following form:
∂κa
∂y0a
=
∑
b6=a
〈Ub〉a − 12va0ǫvǫa0 +O(c−4), where 〈Ub〉a = m−1a
∫
a
d3y′aσaUb(ya) and ma =
∫
a
d3y′aσa. (295)
This leads to a solution for the function Ka derived for the extended bodies (compare with that derived for test
particles by Eq. (232)) which has the following form:
Ka(ya) =
∫ y0
a
y0
a0
(∑
b6=a
〈Ub〉a − 12va0ǫvǫa0
)
dy′0a − c(va0ǫyǫa) +O(c−4). (296)
Similarly, we need to update the solution for the acceleration aαa0 of test a particle (233). This can be done using
Eq. (282) with (283) and (284), which, at the Newtonian level, has the form:
c
∂t˜0α
∂y0a
+
∂t˜αλ
∂yλa
= −σ∂αw +O(c−2). (297)
Integrating this equation over the volume of the body we have
c
∂P˜α
∂y0a
+
∮
a
dSaλ t˜
αλ = −
∫
a
d3y′aσa∂
αw +O(c−2). (298)
The second term on the left hand side of this equation vanishes. Now, if we require that the body is to remain at rest
in its proper reference frame, the following equation must be valid:
∫
a
d3y′aσa∂
αw =
∫
a
d3y′aσa
(∑
b
∂αwb + a
α
a0
)
= O(c−4). (299)
The fact that bodies in the system all have compact support results in
∫
a d
3y′aσ∂
αwa = 0. Thus, Eq. (299) leads to
the well-known Newtonian equation of motion of the extended body a:
aαa0 = −
∑
b6=a
〈∂αUb〉a +O(c−4), where 〈∂αUb〉a = m−1a
∫
a
d3y′aσa∂
αUb. (300)
At this point, one would need to evaluate Eq. (282) to the post-Newtonian order ∝ O(c−2). By doing so, one
determines the post-Newtonian acceleration of the body q¨αa0 given by Eq. (247) in the case of a problem involving
N extended bodies [12]. Although the corresponding calculation is straightforward, it is quite lengthy and tedious.
Furthermore, any anticipated modifications of Eq. (247) will be too small to be detected by measurements in the solar
system in the near future. Thus, we will not be presenting this calculation here, leaving it for subsequent publications.
Finally, given the accuracy of the measurements in the solar system, only the following two modifications need to
be made to our point particle solution summarized in Sec. IVC, namely those involving Ka(ya) and aαa0 :
Ka(ya) =
∫ y0
a
y0
a0
(∑
b6=a
〈Ub〉a − 12va0ǫvǫa0
)
dy′0a − c(va0ǫyǫa) +O(c−4), (301)
aαa0 = −
∑
b6=a
〈∂αUb〉a +O(c−4). (302)
The difference between the expressions for Ka(ya) given by Eqs. (232) and (301) and also between those derived for aαa0
and given by Eqs. (233) and (302) is that the new expressions account for the interaction of the body’s gravitational
multipole moments with the background gravitational field (via the procedure of averaging the external gravitational
field over the body’s volume in the form of 〈Ub〉a and 〈∂αUb〉a) as opposed to accounting only for the value of that
field along the pointlike body’s world-line (via the limiting procedure defined by Eq. (221) taken for Ub and ∂αUb).
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V. INVERSE TRANSFORMATIONS
In the preceding sections, we constructed an explicit form of the direct transformation between a global inertial and
local accelerating reference frames by applying the harmonic gauge and dynamical conditions on the metric. Given
the Jacobian matrix Eqs. (40)–(41), it was most convenient to work with the covariant form of the metric tensor,
which could be expressed in terms of the accelerating coordinates by trivial application of the tensorial transformation
rules Eq. (128).
The same logic suggests that if we were to work on the inverse transformation: that is, when it is the inverse
Jacobian matrix {∂yma /∂xn} that is given in explicit form, it is more convenient to work with the contravariant form
of the metric tensor, to which this Jacobian can be applied readily. This simple observation leads us to the idea
that we can get the inverse transformations—i.e., from the accelerated to the inertial frame—by simply repeating the
previous calculations, but with the contravariant form of the metric tensor instead of the covariant form.
In this section, we show that this is indeed feasible, and accomplish something not usually found in the litera-
ture: construction of a method that can be applied for both direct and inverse transformations between inertial and
accelerating reference frames at the same time, in a self-consistent manner.6
A. The contravariant metric tensor in the local frame
We have obtained the solution of the gravitational field equations for the N -body problem, which in the barycentric
reference frame has the form Eqs. (119)–(121) and (122), (123). The solution in the local frame could be written in
the following form:
gmn(ya(x)) =
∂yma
∂xk
∂yna
∂xl
gkl(x). (303)
Using the coordinate transformations given by Eqs. (43)–(44) together with Eqs. (49)–(50), we determine the form of
this metric tensor in the local reference frame associated with the body a:
g00(ya(x)) = 1 +
2
c2
{∂Kˆa
∂x0
+ 12γ
ǫλ 1
c
∂Kˆa
∂xǫ
1
c
∂Kˆa
∂xλ
}
+
+
2
c4
{∂Lˆa
∂x0
+ 12
(∂Kˆa
∂x0
)2
+ γǫλ
1
c
∂Kˆa
∂xǫ
1
c
∂Lˆa
∂xλ
−
(∂Kˆa
∂x0
+ 12γ
ǫλ 1
c
∂Kˆa
∂xǫ
1
c
∂Kˆa
∂xλ
)2}
+
+
2
c2
∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
wˆb(x) +
4
c2
va0ǫwˆ
ǫ
b(x)
}
+
+
2
c4
(∑
b
wˆb(x) +
∂Kˆa
∂x0
+ 12γ
ǫλ 1
c
∂Kˆa
∂xǫ
1
c
∂Kˆa
∂xλ
)2
+O(c−6), (304)
g0α(ya(x)) =
1
c
(
γαǫ
1
c
∂Kˆa
∂xǫ
− vαa0
)
+
4
c3
∑
b
(
wˆαb (x)− vαa0wˆb(x)
)
+
+
1
c3
{
γαǫ
1
c
∂Lˆa
∂xǫ
+ c
∂Qˆαa
∂x0
+ γǫλ
1
c
∂Kˆa
∂xǫ
∂Qˆαa
∂xλ
− vαa0
∂Kˆa
∂x0
}
+O(c−5), (305)
gαβ(ya(x)) = γ
αβ +
1
c2
{
vαa0v
β
a0 + γ
αλ ∂Qˆβa
∂xλ
+ γβλ
∂Qˆαa
∂xλ
}
− γαβ 2
c2
∑
b
wˆb(x) +O(c−4). (306)
As in the case of the direct transformation discussed in Sec. III A, we impose the harmonic gauge condition on the
metric, to help us to constrain the remaining degrees of freedom in the metric and also to establish explicit forms of
the transformation functions Kˆa, Lˆa, and Qˆαa . Using (91)–(92) to constrain the form of the metric tensor, given by
Eqs. (304)–(306) in the local frame, we obtain:
g00(ya(x)) = 1 +
2
c2
{∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
}
+
2
c4
{∂Lˆa
∂x0
+ 12
(∂Kˆa
∂x0
)2
+
vǫa0
c
∂Lˆa
∂xǫ
−
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)2}
+
6 Clearly, the functional form of the inverse transformations, together with the corresponding expressions for the metric tensor and
potentials can be determined by simply transforming the expressions that we obtained in Sec. III to global coordinates. The calculations
are tedious but straightforward, leading to known results (e.g., [9]). In this section, however, we demonstrate that one can derive the
inverse transformations more expeditiously, in a manner that is analogous to the case of the direct transformations.
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+
2
c2
∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
wˆb(x) +
4
c2
va0ǫwˆ
ǫ
b(x)
}
+
+
2
c4
(∑
b
wˆb(x) +
∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)2
+O(c−6), (307)
g0α(ya(x)) =
4
c3
∑
b
(
wˆαb (x) − vαa0wˆb(x)
)
+
1
c3
{
γαǫ
1
c
∂Lˆa
∂xǫ
+ c
∂Qˆαa
∂x0
+ vǫa0
∂Qˆαa
∂xǫ
− vαa0
∂Kˆa
∂x0
}
+O(c−5), (308)
gαβ(ya(x)) = γ
αβ − γαβ 2
c2
(∑
b
wˆb(x) +
∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
+O(c−4). (309)
In analogy with Eq. (96), we determine the source term, Smn(ya(x)), for the N -body problem in the local reference
frame as:
Smn(ya(x)) =
∑
b
∂yma
∂xk
∂yna
∂xl
Sklb (x), (310)
where Sklb (x(ya)) is the source term in the global frame (102). Thus, S
mn(ya(x)) takes the form:
S00(ya(x)) =
1
2
c2
∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
σˆb(x) +
4
c2
va0ǫσˆ
ǫ
b(x) +
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
σˆb(x) +O(c−4)
}
, (311)
S0α(ya(x)) = c
∑
b
{
σˆαb (x)− vαa0 σˆb(x) +O(c−2)
}
, (312)
Sαβ(ya(x)) = −γαβ 1
2
c2
∑
b
{
σˆb(x) +O(c−2)
}
. (313)
We can the introduce transformation rules for the mass (scalar) and current (vector) densities of a body b under
coordinate transformation from the local coordinates {yma } of a body a to global coordinates {xm}, given by Eqs. (43)–
(44) (cf. Eqs. (140–141)):
σb(ya(x)) =
(
1− 2
c2
va0ǫv
ǫ
a0
)
σˆb(x) +
4
c2
va0ǫσˆ
ǫ
b(x) +
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
σˆb(x) +O(c−4), (314)
σαb (ya(x)) = σˆ
α
b (x)− vαa0 σˆb(x) +O(c−2), (315)
where σˆb(x) and σˆ
α
b (x) are given by (100)–(101), correspondingly.
The metric tensor (7)–(9) and the partial-differential form of the gauge conditions (73)–(74) together with condition
(82) allow one to simplify the expressions for the Ricci tensor and to present its contravariant components Rmn =
gmkgnlRkl in the following form (similar to that of Eqs. (12)–(14)):
R00(ya(x)) =
1
2
ya
(
c−2g[2]00 + c−4
{
g[4]00 − 1
2
(
g[2]00
)2})
+ c−4
1
2
(
g[2]ǫλ + γǫλg[2]00
)
∂ǫ∂λg
[2]00 +O(c−6),(316)
R0α(ya(x)) = c
−3 1
2
∆yag
[3]0α +O(c−5), (317)
Rαβ(ya(x)) = c
−2 1
2
∆yag
[2]αβ +O(c−4). (318)
These expressions allow one to express the gravitational field equations as below:
ya
[∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
wˆb(x) +
4
c2
va0ǫwˆ
ǫ
b(x)
}
+
+
∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0 +
1
c2
{∂Lˆa
∂x0
+ 12
(∂Kˆa
∂x0
)2
+
vǫa0
c
∂Lˆa
∂xǫ
−
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)2}
+O(c−4)
]
=
= 4πG
∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
σˆb(x) +
4
c2
va0ǫσˆ
ǫ
b(x)) +
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
σˆb(x) +O(c−4)
}
, (319)
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∆ya
[∑
b
(
wˆαb (x)− vαa0wˆb(x)
)
+
1
4
{
γαǫ
1
c
∂Lˆa
∂xǫ
+ c
∂Qˆαa
∂x0
+ vǫa0
∂Qˆαa
∂xǫ
− vαa0
∂Kˆa
∂x0
}
+O(c−2)
]
=
= 4πG
∑
b
{
σˆαb (x) − vαa0 σˆb(x)
}
+O(c−2), (320)
∆ya
[∑
b
wˆb(x) +
∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0 + O(c−2)
]
= 4πG
∑
b
σˆb(x) +O(c−2). (321)
Remembering Eq. (155) and noticing that ∆ya = ∆x + O(c−2), with help of Eqs. (86)–(88), we can verify that
Eqs. (319)–(321) are satisfied.
Similarly to Eqs. (156)–(158), the contra-variant components of the metric tenor gmn(ya(x)) given by Eqs. (307)–
(309) can be expressed using two harmonic potentials as given below:
g00(ya(x)) = 1 +
2
c2
w(x) +
2
c4
w2(x) +O(c−6), (322)
g0α(ya(x)) =
4
c3
wα(x) +O(c−5), (323)
gαβ(ya(x)) = γ
αβ − γαβ 2
c2
w(x) + O(c−4), (324)
where the total (gravitation plus inertia) local scalar w(x) and vector wα(x) potentials have the following form:
w(x) =
∑
b
wb(x) +
∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0 +
1
c2
{∂Lˆa
∂x0
+
vǫa0
c
∂Lˆa
∂xǫ
+ 12
(∂Kˆa
∂x0
)2
−
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)2}
+O(c−4), (325)
wα(x) =
∑
b
wαb (x) +
1
4
{
γαǫ
1
c
∂Lˆa
∂xǫ
+ c
∂Qˆαa
∂x0
+ vǫa0
∂Qˆαa
∂xǫ
− vαa0
∂Kˆa
∂x0
}
+O(c−2), (326)
with wb(x) and w
α
b (x) being the scalar and vector potentials of body b transformed to the local frame of body a, but
expressed as functions of the global coordinates as
wb(x) =
(
1− 2
c2
va0ǫv
ǫ
a0
)
wˆb(x) +
4
c2
va0ǫwˆ
ǫ
b(x) +O(c−4), (327)
wαb (x) = wˆ
α
b (x) − vαa0wˆb(x) +O(c−2). (328)
Clearly, the potentials w(x) and wα(x) introduced by Eqs. (325)–(326) satisfy the following harmonic equations in
the local coordinates {yma }:
yaw(x) = 4πG
∑
b
{(
1− 2
c2
va0ǫv
ǫ
a0
)
σˆb(x) +
4
c2
va0ǫσˆ
ǫ
b(x) +
2
c2
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
σˆb(x) +O(c−4)
}
, (329)
∆yaw
α(x) = 4πG
∑
b
{
σˆαb (x)− vαa0 σˆb(x) +O(c−2)
}
. (330)
With the help of Eqs. (86)–(88) and (152) one can verify that both Eqs. (329) and (330) are identically satisfied.
Finally, using the relations c∂/∂y0a = c∂/∂x
0 + vǫa0∂/∂x
ǫ +O(c−2) and ∂/∂yαa = ∂/∂xα +O(c−2) in Eq. (81), one
can verify that potentials wb(x) and w
α
b (x) satisfy the following continuity equation:
(
c
∂
∂x0
+ vǫa0
∂
∂xǫ
)
w(x) +
∂
∂xǫ
wǫ(x) = O(c−2). (331)
These expressions allow us to present the scalar and vector potentials given by Eqs. (325)–(326) entirely as functions
of the global coordinates. Remembering Eq. (152) and also the fact that
xwˆb(x) = 4πGσˆb(x) +O(c−4), ∆xwˆαb (x) = 4πGσˆαb (x) +O(c−2), (332)
where solutions are given as:
wˆb(x) = G
∫
d3x′
σˆb(x
′)
|x− x′| +
1
2c2
G
c2∂2
∂x02
∫
d3x′σˆb(x
′)|x− x′|+O(c−4), (333)
38
wˆαb (x) = G
∫
d3x′
σˆαb (x
′)
|x− x′| +O(c
−2), (334)
we can use these results to present the gravitational potentials (333)–(334) in coordinates of the global frame in the
form of the integrals over the body’s volume as below (where xm is understood as xm = xm(ya)):
wb(x) =
(
1− 2
c2
va0ǫv
ǫ
a0
)
G
∫
d3x′
σˆb(x
′)
|x− x′| +
4
c2
va0ǫG
∫
d3x′
σˆǫb(x
′)
|x− x′| +
+
1
2c2
G
c2∂2
∂x02
∫
d3x′σˆb(x
′)|x− x′|+O(c−3), (335)
wαb (x) = G
∫
d3x′
σˆαb (x
′)
|x− x′| − v
α
a0G
∫
d3x′
σˆb(x
′)
|x− x′| +O(c
−2). (336)
Although the expressions for the scalar inertial potentials have different functional dependence on the transformation
functions (i.e., (K,L,Qα) vs. (Kˆ, Lˆ, Qˆα)), it is clear that both expressions for w(ya) given by Eqs. (159) and (325)
are identical. The same is true for the inertial vector potentials wα(ya) given by (160) and (326).
B. Determining the functional form of the inverse transformation
Using the harmonic gauge conditions, we determined that functions Kˆa, Lˆa, Qˆαa must satisfy Eq. (86)–(88). Below,
we will establish the functional form of these harmonic functions in a way, analogous to that presented in Sec. III C.
1. Determining the structure of Kˆa
The general solution to Eq. (86) can be sought in the following form:
Kˆa(x) = κˆa0 + κˆa0µrµa + δκˆa(x) +O(c−4), where δκˆa(x) =
∑
k=2
1
k!
κˆa0µ1...µk(r
0)rµ1...a r
µk
a +O(c−4), (337)
where rαa is defined as below:
rαa = x
α − xαa0 , xαa0 = zαa0 + c−2qˆαa0 +O(c−4), (338)
where xαa0(x
0) is the position vector of the body a, complete to O(c−4), and expressed as a function of the global
time-like coordinate x0, given by Eq. (48) and κˆa0µ1...µk(x
0) being Cartesian STF tensors [29] which depend only
on the time taken at the origin of the coordinate system on the observer’s world-line. Substituting this form of the
function Kˆa in the equation (91), we find solution for κˆa0µ and δκˆa:
κˆa0µ = cva0µ +O(c−4), δκˆa = O(c−4). (339)
As a result, the function Kˆa that satisfies the harmonic gauge conditions was determined to be
Kˆa(x) = κˆa0 + c(va0µrµa ) +O(c−4). (340)
This expression completely fixes the spatial dependence of the function Kˆa, but still has unknown dependence on time
via function κˆa0(x
0). This dependence determines the proper time on the observers world-line which will be done
later.
2. Determining the structure of Qˆαa
The general solution for the function Qˆαa that satisfies Eq. (88) may be presented as a sum of a solution of the
inhomogeneous Poisson equation and a solution of the homogeneous Laplace equation. Furthermore, the part of that
solution with regular behavior in the vicinity of the world-line may be given in the following form:
Qˆαa (x) = −qˆαa0 + qˆαa0µrµa + 12 qˆαa0µνrµa rνa + δξˆαa (x) +O(c−2), (341)
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where qˆαa0µν can be determined directly from Eq. (88) and the function δξˆ
α
a satisfies the Laplace equation
γǫλ
∂2
∂xǫ∂xλ
δξˆαa = O(c−2). (342)
We can see that Eq. (88) can be used to determine qˆαa0µν , but would leave the other terms in the equation unspecified.
To determine these terms, we use Eq. (92) (which is equivalent to Eq. (88)) together with Eq. (91), and obtain:
vαa0v
β
a0 + γ
αλ ∂Qˆβa
∂xλ
+ γβλ
∂Qˆαa
∂xλ
+ 2γαβ
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)
= O(c−2). (343)
Using the intermediate solution for the function Kˆa from Eq. (340) in Eq. (343), we obtain the following equation
for Qˆαa :
vαa0v
β
a0 + γ
αλ ∂Qˆβa
∂xλ
+ γβλ
∂Qˆαa
∂xλ
+ 2γαβ
(∂κˆa0
∂x0
− 12va0ǫvǫa0 + a0ǫrǫa
)
= O(c−2). (344)
A trial solution to Eq. (344) may be given in the following general from:
Qˆαa (x) = −qˆαa0 + c1vαa0va0ǫrǫa + c2va0ǫvǫa0rαa + c3aαa0raǫrǫa + c4aa0ǫrǫarαa + c5
(∂κˆa0
∂x0
− 12va0ǫvǫa0
)
rαa −
− ωˆαǫa0 raǫ + δξˆµa (x) +O(c−2), (345)
where qˆαa0 and antisymmetric matrix ωˆ
αǫ
a0 = −ωˆǫαa0 are some functions of time, and c1, ..., c5 are constants and δξˆµa (x)
is given by Eq. (342) and is at least of the third order in spatial coordinates rµa , namely δξˆ
µ
a (x) ∝ O(|rµa |3). Direct
substitution of Eq. (345) into Eq. (344) results in the following unique solution for these coefficients:
c1 = −1
2
, c2 = 0, c3 =
1
2
, c4 = −1, c5 = −1. (346)
As a result, function Qˆαa has the following structure
Qˆαa (x) = −qˆαa0 −
(
1
2v
α
a0v
ǫ
a0 + ωˆ
αǫ
a0 + γ
αǫ
(∂κˆa0
∂x0
− 12va0λvλa0
))
raǫ − aa0ǫ
(
rαa r
ǫ
a − 12γαǫraλrλa
)
+ δξˆαa (x) +O(c−2), (347)
where qˆαa0 and ωˆ
αǫ
a0 are yet to be determined.
By substituting Eq. (347) into Eq. (344), we see that the function δξˆαa (x) in Eq. (347) must satisfy the equation:
∂
∂xα
δξˆβa +
∂
∂xβ
δξˆαa = O(c−2). (348)
We keep in mind that the function δξˆαa (x) must also satisfy Eq. (342). The solution to the partial differential equation
(342) with regular behavior on the world-line (i.e., when |ra| → 0) can be given in powers of rµa as
δξˆαa (x) =
K∑
k≥3
1
k!
δξˆαa0 µ1...µk(x
0)rµ1a
...rµka +O(|rµa |K+1) +O(c−2), (349)
where δξˆαa0 µ1...µk(x
0) are STF tensors that depend only on time-like coordinate x0. Using the solution (349) in
Eq. (348), we can see that δξˆαa0 µ1...µn is also antisymmetric with respect to the index α and any of the spatial indices
µ1...µk. Combination of these two conditions suggests that δξˆ
α
a0 µ1...µn = 0 for all k ≥ 3, thus
δξˆαa (x) = O(c−2). (350)
Therefore, application of the harmonic gauge conditions leads to the following structure of function Qˆαa :
Qˆαa (x) = −qˆαa0 −
(
1
2v
α
a0v
ǫ
a0 + ωˆ
αǫ
a0 + γ
αǫ
(∂κˆa0
∂x0
− 12va0λvλa0
))
raǫ − aa0ǫ
(
rαa r
ǫ
a − 12γαǫraλrλa
)
+O(c−2), (351)
where qˆαa0 , ωˆ
αǫ
a0 and κˆa0 are yet to be determined.
40
3. Determining the structure of Lˆa
We now turn our attention to the second gauge condition on the temporal coordinate transformation, Eq. (87).
Using the intermediate solution (340) for the function Kˆa, we obtain the following equation for Lˆa:
γǫλ
∂2Lˆa
∂xǫ∂xλ
= −c2∂
2Kˆa
∂x02
+O(c−2) = c(2va0ǫaǫa0 − a˙a0ǫrǫa
)− c2 ∂
∂x0
(∂κˆa0
∂x0
− 12va0ǫvǫa0
)
+O(c−2). (352)
The general solution of Eq. (352) for Lˆa may be presented as a sum of a solution δLˆa for the inhomogeneous Poisson
equation and a solution δLˆa0 of the homogeneous Laplace equation. A trial solution of the inhomogeneous equation
to this equation, δLˆa, is sought in the following form:
δLˆa(x) = ck1(va0ǫaǫa0)(raµrµa ) + ck2(a˙a0ǫrǫa)(raνrνa)− k3c2
∂
∂x0
(∂κa0
∂x0
− 12va0ǫvǫa0
)
(raνr
ν
a) +O(c−2), (353)
where k1, k2, k3 are some constants. Direct substitution of Eq. (353) into Eq. (352) yields the following values for
these coefficients:
k1 =
1
3
, k2 = − 1
10
, k3 =
1
6
. (354)
As a result, the solution for δLˆa that satisfies the harmonic gauge conditions has the following form:
δLˆa(x) = 13c
(
va0ǫa
ǫ
a0
)
(raνr
ν
a)− 110 c(a˙a0ǫrǫa)(raνrνa)− 16c2
∂
∂x0
(∂κa0
∂x0
− 12va0ǫvǫa0
)
(raνr
ν
a) +O(c−2). (355)
The solution for the homogeneous equation with regular behavior on the world-line (i.e., when |rµa | → 0) may be
presented as follows:
Lˆa0(x) = ℓˆa0(x0) + ℓˆa0λ(x0) rλa + 12 ℓˆa0λµ(x0) rλarµa + δℓˆa(x) +O(c−2), (356)
where ℓˆa0λµ is the STF tensor of second rank and δℓˆa is a function formed from the similar STF tensors of higher
order
δℓˆa(x) =
K∑
k≥3
1
k!
δℓˆa0 µ1...µk(x
0)rµ1a
...rµka +O(|rµa |K+1) +O(c−2). (357)
Finally, the general solution of the Eq. (352) may be presented as a sum of the special solution of inhomogeneous
equation δLˆa and solution, Lˆa0, to the homogeneous equation, ∆Lˆa = 0. Therefore, the general solution for the gauge
equations for function Lˆa(y) = Lˆa0 + δLˆa has the following form:
Lˆa(x) = ℓˆa0 + ℓˆa0λ rλa + 12 ℓˆa0λµ rλarµa + 13c
(
va0ǫa
ǫ
a0
)
(raνr
ν
a)− 110c(a˙a0ǫrǫa)(raνrνa)−
− 16c2
∂
∂x0
(∂κˆa0
∂x0
− 12va0ǫvǫa0
)
(raνr
ν
a) + δℓˆa(x) +O(c−2). (358)
We successfully determined the structure of the transformation functions Ka,Qαa and La, which are imposed by the
harmonic gauge conditions. Specifically, the harmonic structure for Ka is given by Eq. (340), the function Qαa was
determined to have the structure given by Eq. (351), and the structure for La is given by Eq. (358). The structure of
the functions Kˆa, Qˆαa and Lˆa is given in the following form:
Kˆa(x) = κˆa0 + c(va0µrµa ) +O(c−4), (359)
Qˆαa (x) = −qˆαa0 −
(
1
2v
α
a0v
ǫ
a0 + ωˆ
αǫ
a0 + γ
αǫ
(∂κˆa0
∂x0
− 12va0λvλa0
))
raǫ − aa0ǫ
(
rαa r
ǫ
a − 12γαǫraλrλa
)
+O(c−2), (360)
Lˆa(x) = ℓˆa0 + ℓˆa0λ rλa + 12 ℓˆa0λµ rλarµa + 16c
(
2
(
va0ǫa
ǫ
a0
)− c ∂
∂x0
(∂κˆa0
∂x0
− 12va0ǫvǫa0
))
(raλr
λ
a )−
− 110c(a˙a0ǫrǫa)(raνrνa) + δℓˆa(x) +O(c−2). (361)
Note that the harmonic gauge conditions allow us to reconstruct the structure of the functions with respect to spatial
coordinate xµ. The time-dependent functions κˆa0 , qˆ
α
a0 , ωˆ
αǫ
a0 , ℓˆa0 , ℓˆa0λ, ℓˆa0λµ, and δℓˆa0 µ1...µk cannot be determined from
the gauge conditions alone. Instead, just as we did in Sec. IV, we resort to a set of dynamic conditions to define these
functions unambiguously by introducing the proper reference frame of a moving observer.
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C. Finding the form of the coordinate transformation functions
In the case of the metric tensor given by the expressions Eqs. (322)–(324) and the total potentials Eqs. (325)–
(326) representing gravity and inertia, the conditions Eqs. (217)–(218) taken at the world-line of body a for which
ra ≡ |rǫa| = 0, with rǫa = xǫ − xǫa0 given by Eq. (338), lead to the following set of equations:
(∑
b6=a
wb(x) + ua(x)
)∣∣∣
ra=0
= O(c−4),
(∑
b6=a
∂wb(x)
∂xβ
+
∂ua(x)
∂xβ
)∣∣∣
ra=0
= O(c−4), (362)
(∑
b6=a
wαb (x) + u
α
a (x)
)∣∣∣
ra=0
= O(c−2),
(∑
b6=a
∂wαb (x)
∂xβ
+
∂uαa (x)
∂xβ
)∣∣∣
ra=0
= O(c−2), (363)
where, as seen in Eqs. (325)–(326), the scalar, ua(x), and vector, u
α
a (x), inertial potentials in global coordinates {xm}
are given as (see also discussion in [20]):
ua(x) =
∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0 +
1
c2
{∂Lˆa
∂x0
+
vǫa0
c
∂Lˆa
∂xǫ
+ 12
(∂Kˆa
∂x0
)2
−
(∂Kˆa
∂x0
+ 12va0ǫv
ǫ
a0
)2}
+O(c−4), (364)
uαa (x) =
1
4
{
γαǫ
1
c
∂Lˆa
∂xǫ
+ c
∂Qˆαa
∂x0
+ vǫa0
∂Qˆαa
∂xǫ
− vαa0
∂Kˆa
∂x0
}
+O(c−2). (365)
The inertial potentials (364) and (365) depend on the first derivatives of the “hatted” transformation functions Kˆa,
Lˆa, and Qˆαa , which are determined from the harmonic gauge conditions up to several time-dependent functions as
shown by (359)–(361). To determine these yet-unknown functions and, thus, to completely identify Kˆa, Lˆa, and Qˆαa ,
we impose the dynamical conditions (362)–(363), which results in the following set of partial differential equations on
the world-line of the local observer expressed via global coordinates {xm}:
∑
b6=a
wb +
∂κˆa0
∂x0
− 12va0ǫvǫa0+
+
1
c2
{
− va0ǫ ˙ˆqǫa0 +
∂Lˆa
∂x0
+
vǫa0
c
∂Lˆa
∂xǫ
+ 12
(∂κˆa0
∂x0
− va0ǫvǫa0
)2
−
(∂κˆa0
∂x0
− 12va0ǫvǫa0
)2}∣∣∣
ra=0
= O(c−4), (366)
∑
b6=a
∂wb
∂xβ
+ aa0β +
1
c2
{ ∂2Lˆa
∂xβ∂x0
+
vǫa0
c
∂2Lˆa
∂xβ∂xǫ
− aa0β
∂κˆa0
∂x0
}∣∣∣
ra=0
= O(c−4), (367)
∑
b6=a
wαb +
1
4
{
γαǫ
1
c
∂Lˆa
∂xǫ
+ c
∂Qˆαa
∂x0
+ vǫa0
∂Qˆαa
∂xǫ
− vαa0
(∂κˆa0
∂x0
− va0ǫvǫa0
)}∣∣∣
ra=0
= O(c−2), (368)
∑
b6=a
∂wbα
∂xβ
+ 14
{1
c
∂2Lˆa
∂xα∂xβ
+ cγαλ
∂2Qˆλa
∂x0∂xβ
+ γαλv
ǫ
a0
∂2Qˆλa
∂xǫ∂xβ
− va0αaa0β
}∣∣∣
ra=0
= O(c−2), (369)
with all the quantifies above now being the functions of the global time-like coordinate x0.
The equations above can now be used to determine uniquely the form of the coordinate transformation functions.
From the first two conditions (366) and (367) above, we immediately obtain
∑
b6=a
Ub +
∂κˆa0
∂x0
− 12va0ǫvǫa0 = O(c−4), (370)
∑
b6=a
∂Ub
∂xβ
+ aa0β = O(c−4), (371)
where, similarly to (228), we split the scalar potential wb(x) defined in Eq. (327) into Newtonian (Ub) and post-
Newtonian (δwb) parts, as in Eq. (228). This allows us to present gravitational scalar and vector potentials defined
by Eqs. (327)–(328) in the following form:
wb(x) = Ub(x) +
1
c2
δwb(x) +O(c−4), (372)
wαb (x) = wˆ
α
b (x)− vαa0Ub(x) +O(c−2). (373)
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where the post-Newtonian part of the scalar potential δwb(x) is given as below:
δwb(x) = δwˆb(x)− 2(va0ǫvǫa0)Ub(x) + 4va0ǫwˆǫb(x) +O(c−2). (374)
Eqs. (370) and (359) allow us to determine function κˆa0 and to present the solution for Kˆa as below:
Kˆa(x) = −
∫ x0
x0
0
(∑
b6=a
Ub − 12va0ǫvǫa0
)
dx′0 + c(va0ǫr
ǫ
a) +O(c−4). (375)
Substituting this expression into Eq. (360), we can determine Qˆαa :
Qˆαa (x) = −qˆαa0 +
(
γαǫ
∑
b6=a
Ub − 12vαa0vǫa0 − ωˆαǫa0
)
raǫ − aa0ǫ
(
rαa r
ǫ
a − 12γαǫraλrλa
)
+O(c−2). (376)
Finally, the general solution, given by Eq. (361), for the function Lˆa takes the following form:
Lˆa(x) = ℓˆa0 + ℓˆa0λ rλa + 12
(
ℓˆa0λµ + cγλµ
(
2
3
(
va0ǫa
ǫ
a0
)
+ 13c
∂
∂x0
∑
b6=a
Ub
))
rλar
µ
a − 110c(a˙a0ǫrǫa)(raνrνa) +
+ δℓˆa(x) +O(c−2). (377)
This equation allows us to proceed onto finding the function Lˆa. To do this, we rely on the yet-unused parts of
Eqs. (366)–(369) which take the following form
∑
b6=a
δwb − va0ǫ ˙ˆqǫa0 +
{∂Lˆa
∂x0
+
vǫa0
c
∂Lˆa
∂xǫ
+ 12
(∂κˆa0
∂x0
− va0ǫvǫa0
)2
−
(∂κˆa0
∂x0
− 12va0ǫvǫa0
)2}∣∣∣
ra=0
= O(c−2), (378)
∑
b6=a
∂δwb
∂xβ
+
{ ∂2Lˆa
∂xβ∂x0
+
vǫa0
c
∂2Lˆa
∂xβ∂xǫ
− aa0β
∂κˆa0
∂x0
}∣∣∣
ra=0
= O(c−2), (379)
∑
b6=a
wαb +
1
4
{
γαǫ
1
c
∂Lˆa
∂xǫ
+ c
∂Qˆαa
∂x0
+ vǫa0
∂Qˆαa
∂xǫ
− vαa0
(∂κˆa0
∂x0
− va0ǫvǫa0
)}∣∣∣
ra=0
= O(c−2), (380)
∑
b6=a
∂wbα
∂xβ
+ 14
{1
c
∂2Lˆa
∂xα∂xβ
+ cγαλ
∂2Qˆλa
∂x0∂xβ
+ γαλv
ǫ
a0
∂2Qˆλa
∂xǫ∂xβ
− va0αaa0β
}∣∣∣
ra=0
= O(c−2). (381)
Using the expressions for the functions Kˆa, Qˆαa given by Eqs. (375) and (376) correspondingly together with the
expression (377) for Lˆa, and also using transformation rule for the gravitational potentials given by Eqs. (372) and
(373) together with the Newtonian equations of motion (371), we can now obtain the equations needed to determine
the remaining unknown functions ℓˆa0 , ℓˆa0λ, ℓˆa0λµ, ωˆ
αβ
a0 and qˆ
α
a0 .
Eq. (378) leads to the following equation for ℓˆa0 :
1
c
˙ˆ
ℓa0 = va0ǫ
˙ˆqǫa0 − 18 (va0ǫvǫa0)2 + 32 (va0ǫvǫa0)
∑
b6=a
Ub − 4va0ǫ
∑
b6=a
¯ˆwǫb +
1
2 (
∑
b6=a
Ub)
2 −
∑
b6=a
δwˆb +O(c−2). (382)
Next, Eq. (379) results in the equation for
˙ˆ
ℓαa0 :
1
c
˙ˆ
ℓαa0 = −
∑
b6=a
∂δwˆb
∂xα
− 32 (va0ǫvǫa0)aαa0 − aαa0
∑
b6=a
Ub − 4va0ǫ
∑
b6=a
∂αwˆǫb +O(c−2). (383)
From Eq. (380) we determine ℓˆαa0 :
1
c ℓˆ
α
a0 =
˙ˆqαa0 − 12vαa0(va0ǫvǫa0) + 3vαa0
∑
b6=a
Ub − 4
∑
b6=a
wˆαb +O(c−2). (384)
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Furthermore, Eq. (381) leads us to the following solution for ℓˆαβa0 :
1
c ℓˆ
αβ
a0 = −4
∑
b6=a
∂wˆαb
∂xβ
− 43γαβ
∑
b6=a
c
∂Ub
∂x0
− 52vαa0aβa0 + 12vβa0aαa0 − 23γαβva0ǫaǫa0 + ˙ˆω
αβ
a0 +O(c−2). (385)
Using the same argument concerning the symmetry properties of ℓˆαβa0 that led to Eq. (244), we find the following
unique choice for the anti-symmetric matrix ˙ˆω
αβ
a0 that symmetrizes Eq. (385):
˙ˆω
αβ
a0 =
3
2 (v
α
a0a
β
a0 − vβa0aαa0)− 2
∑
b6=a
(∂wˆβb
∂xα
− ∂wˆ
α
b
∂xβ
)
+O(c−2), (386)
which, if we now account for the Newtonian equation of motion (371), actually has the following form:
˙ˆω
αβ
a0 = − 12 (vαa0aβa0 − vβa0aαa0)− 2
∑
b6=a
(
vαa0
∂Ub
∂xβ
− vβa0
∂Ub
∂xα
)
− 2
∑
b6=a
(∂αwˆβb − ∂βwˆαb ) +O(c−2). (387)
The first term in the equation above is the special relativistic Thomas precession, the second term is the geodetic
precession and the last term is the Lense-Thirring precession (compare this to its analog in a local frame, Eq. (244)).
The result (386) allows us to present Eq. (385) for the function ℓˆαβa0 in the following form:
1
c ℓˆ
αβ
a0 = −2
∑
b6=a
(∂wˆβb
∂xα
+
∂wˆαb
∂xβ
)
− 43γαβ
∑
b6=a
c
∂Ub
∂x0
−
(
vαa0a
β
a0 + v
β
a0a
α
a0 +
2
3γ
αβva0ǫa
ǫ
a0
)
+O(c−2). (388)
Finally, Eqs. (383) and (384) allow us to determine the equation for qˆαa0 . Indeed, differentiating Eq. (384) with
respect to time and subtracting the result from Eq. (383), we obtain:
¨ˆqαa0(x
0) = −γαǫ
∑
b6=a
∂δwˆb
∂xǫ
+ 4
∑
b6=a
c
∂wˆαb
∂x0
− 4va0λγαǫ
∑
b6=a
∂wˆλb
∂xǫ
− 4aαa0
∑
b6=a
Ub −
−3vαa0
∑
b6=a
c
∂Ub
∂x0
− (va0ǫvǫa0)aαa0 + vαa0(va0ǫaǫa0) +O(c−2). (389)
By combining Eqs. (371) and (389), we obtain the equations of motion of the body a with respect to the inertial
reference frame {xm}:
x¨αa0(x
0) = z¨αa0 + c
−2 ¨ˆqαa0 +O(c−4) =
= −γαǫ
∑
b6=a
∂wˆb
∂xǫ
+
1
c2
(
4
∑
b6=a
c
∂wˆαb
∂x0
− 4va0λγαǫ
∑
b6=a
∂wˆλb
∂xǫ
− 4aαa0
∑
b6=a
Ub −
− 3vαa0
∑
b6=a
c
∂Ub
∂x0
− (va0ǫvǫa0)aαa0 + vαa0(va0ǫaǫa0)
)
+O(c−4). (390)
The equations of motion (390) establish the corresponding barycentric equations of motion of the body a.
D. Summary of results for the inverse transformation
In this section, we sought to write the transformation between global coordinates {xk} of the barycentric reference
system and local coordinates {yka} introduced in the proper body-centric coordinate reference system associated with
the body a in the form:
y0a = x
0 + c−2Kˆa(xk) + c−4Lˆa(xk) +O(c−6)x0, (391)
yαa = x
α − zαa0(x0) + c−2Qˆαa (xk) +O(c−4). (392)
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Imposing the same conditions discussed in Sec. IVC, we were able to find explicit forms for the transformation
functions Kˆa, Lˆa and Qˆαa :
Kˆa(x) = −
∫ x0
x0
0
(∑
b6=a
Ub − 12va0ǫvǫa0
)
dx′0 + c(va0ǫr
ǫ
a) +O(c−4), (393)
Qˆαa (x) = −qˆαa0 +
(
γαǫ
∑
b6=a
Ub − 12vαa0vǫa0 − ωˆ αǫa0
)
raǫ − aa0ǫ
(
rαa r
ǫ
a − 12γαǫraλrλa
)
+O(c−2), (394)
where the anti-symmetric relativistic precession matrix ωˆαβa0 in the barycentric reference frame is given as:
˙ˆωαβa0 =
3
2 (v
α
a0a
β
a0 − vβa0aαa0)− 2
∑
b6=a
(∂wˆβb
∂xα
− ∂wˆ
α
b
∂xβ
)
+O(c−2). (395)
Also, the function Lˆa was determined in the following form:
Lˆa(x) = ℓˆa0 + ℓˆa0λ rλa − 12c raλraµ
[
vλa0a
µ
a0 + v
µ
a0a
λ
a0 + γ
λµ
∑
b6=a
U˙b + 2
∑
b6=a
(∂wˆµb
∂xλ
+
∂wˆλb
∂xµ
)]
−
− 110c(a˙a0ǫrǫa)(raνrνa) + δℓˆa(x) +O(c−2), (396)
with the functions ℓˆa0 and ℓˆ
α
a0 given by
1
c
˙ˆ
ℓa0 = va0ǫ
˙ˆqǫa0 − 18 (va0ǫvǫa0)2 + 32 (va0ǫvǫa0)
∑
b6=a
Ub − 4va0ǫ
∑
b6=a
wˆǫb +
1
2
(∑
b6=a
Ub
)2 −∑
b6=a
δwˆb +O(c−2), (397)
1
c ℓˆ
α
a0 =
˙ˆqαa0 − 12vαa0(va0ǫvǫa0) + 3vαa0
∑
b6=a
Ub − 4
∑
b6=a
wˆαb +O(c−2). (398)
Finally, the function qˆαa0 is the post-Newtonian part of the position vector of the body a given by Eq. (389). Together
with the Newtonian part of the acceleration, z¨a0 = a
α
a0 , the post-Newtonian part
¨ˆqαa0 completes the barycentric equation
of motions of the body a given by Eq. (390). This equation essentially is the geodetic equation of motion written for
the body a in the global reference frame.
Substituting these solutions for the functions Kˆa, Qˆαa and Lˆa into the expressions for the potentials w and wα given
by Eqs. (325)–(326), we find the following form for these potentials:
w(x) =
∑
b
wb(x)−
∑
b6=a
(
wˆb + r
ǫ
a
∂wˆb
∂xǫ
)
−
− 1
c2
{
1
2r
ǫ
ar
λ
a
[
3aa0ǫaa0λ + a˙a0ǫva0λ + va0ǫa˙a0λ + γǫλ
∑
b6=a
U¨b + 2
∑
b6=a
( ˙∂ ˆ bλw
∂xǫ
+
˙∂ ˆ bǫw
∂xλ
)]
+
+ 110 (a¨a0ǫr
ǫ
a)(raµr
µ
a )−
(
c
∂
∂x0
+ vǫa0
∂
∂xǫ
)
1
c δℓˆa
}
+O(c−4), (399)
wα(x) =
∑
b
wαb (x) −
∑
b6=a
(
wˆαb + r
ǫ
a
∂wˆαb
∂xǫ
)
− 110
{
3rαa r
ǫ
a − γαǫraµrµa
}
a˙a0ǫ +
1
4c
∂δℓˆa
∂xα
+O(c−2). (400)
The same argument that allowed us to eliminate δℓa in Sec. IVC works here, allowing us to omit δℓˆa. Therefore,
we can now present the metric of the moving observer expressed using the global coordinates {xn}. Substituting the
expressions for the potentials given by (399) and (400) into Eqs. (322)–(324) we obtain the following expressions
g00(x) = 1 +
2
c2
{∑
b
wb(x)−
∑
b6=a
(
wˆb + r
ǫ
a
∂wˆb
∂xǫ
)}
+
2
c4
{[∑
b
Ub(x) −
∑
b6=a
(
Ub + r
ǫ
a
∂Ub
∂xǫ
)]2
−
− 12rǫarλa
(
3aa0ǫaa0λ + a˙a0ǫva0λ + va0ǫa˙a0λ + γǫλ
∑
b6=a
U¨b + 2
∑
b6=a
( ˙∂ǫ ˆ bλw +
˙∂λ ˆ bǫw )
)
−
45
− 110 (a¨a0ǫrǫa)(raµrµa )
}
+O(c−6), (401)
g0α(x) =
4
c3
{∑
b
wαb (x)−
∑
b6=a
(
wˆαb + r
ǫ
a
∂wˆαb
∂xǫ
)
− 110
{
3rαa r
ǫ
a − γαǫraµrµa
}
a˙a0ǫ
}
+O(c−5), (402)
gαβ(x) = γαβ − γαβ 2
c2
{∑
b
wb(x) −
∑
b6=a
(
wˆb + r
ǫ
a
∂wˆb
∂xǫ
)}
+O(c−4). (403)
The coordinate transformations that put the observer in this reference frame are given by:
y0a = x
0 + c−2
{∫ x0
x0
0
(
1
2
(
va0ǫ + c
−2 ˙ˆqa0ǫ
)(
vǫa0 + c
−2 ˙ˆqǫa0
)−∑
b6=a
wˆb
)
dx′0 +
+ c
((
va0ǫ + c
−2 ˙ˆqa0ǫ
)(
1 + c−2
(
3
∑
b6=a
Ub − 12va0µvµa0 − 4
∑
b6=a
wˆbǫ
)))
rǫa
}
+
+ c−4
{∫ x0
x0
0
(
− 18 (va0ǫvǫa0)2 + 32 (va0ǫvǫa0)
∑
b6=a
Ub − 4va0ǫ
∑
b6=a
wˆǫb +
1
2
(∑
b6=a
Ub
)2)
dx′0 −
− 12c raλraµ
(
vλa0a
µ
a0 + v
µ
a0a
λ
a0 + γ
λµ
∑
b6=a
U˙b + 2
∑
b6=a
(∂λwˆµb + ∂
µwˆλb )
)
− 110c(a˙a0ǫrǫa)(raνrνa)
}
+O(c−6)x0, (404)
yαa = r
α
a − c−2
{(
1
2v
α
a0v
ǫ
a0 + ωˆ
αǫ
a0 − γαǫ
∑
b6=a
Ub
)
raǫ + aa0ǫ
(
rαa r
ǫ
a − 12γαǫraλrλa
)}
+O(c−4). (405)
The inverse coordinate transformations that we obtained are new and extend previously obtained results (for
reviews, see [10, 11], and also [9]). This set of results concludes our derivation of the coordinate transformations from
a local accelerated reference frame to the global inertial frame. Generalization to the case of N extended bodies can
be done in a complete analogy with Eqs. (301)–(302), which is sufficient for the solar system applications.
E. Alternative form of the inverse transformations
As we scrutinize the results for the inverse transformations that were summarized in Sec. VD, we notice that the
two expressions in the transformation of the temporal coordinate (404) look very familiar [11]. Indeed, the term under
the integral sign in this expression is the Lagrangian, Lˆa, of the inertial spacetime in the presence of a fictitious frame-
reaction force, which is needed to keep a test particle a on its world-line. Following the derivation of the Lagrangian
in the coordinates {yma } of the local frame (209) of the body a and using the metric tensor Eqs. (322)–(324), while
keeping only the inertial potentials (364)–(365) on the world-line of body a, we find that the dynamics of body a in
the coordinates {xm} of the global frame are governed by the following Lagrangian Lˆa:
Lˆa = −mac2 ds
dx0
= −mac2
(
gmn
dxma0
dx0
dxna0
dx0
)1/2
=
= −mac2
{
1 + c−2
(
1
2
(
va0ǫ + c
−2 ˙ˆqa0ǫ
)(
vǫa0 + c
−2 ˙ˆqǫa0
)−∑
b6=a
wˆb
)
+
+ c−4
(
− 18 (va0ǫvǫa0)2 + 32 (va0ǫvǫa0)
∑
b6=a
Ub − 4va0ǫ
∑
b6=a
wˆǫb +
1
2
(∑
b6=a
Ub
)2)
+O(c−6)
}
. (406)
As the frame-reaction force must compensate for the effect of the external gravity measured by an observer that is
co-moving with body a, we can introduce the frame-reaction Lagrangian per unit of energy: Lˆa0 = −Lˆa/mac2. This
quantity represents the time transformation between the origins of the global and local frames.
We also observe that the term linearly proportional to rαa in (404) is the momentum per mass unit of the test
particle a in the global reference frame (cf. Eq. (211)):
pαa = c
2 ∂Lˆa0
∂vαa0
=
(
vαa0 + c
−2 ˙ˆqαa0
)(
1 + c−2
(
3
∑
b6=a
Ub − 12va0µvµa0
))− c−24∑
b6=a
wˆαb +O(c−4). (407)
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Similarly to [31], we introduce a 4× 4 matrix, Sa0mn , with the following components:
Sa000 =
dx0
ds
= Lˆ−1a0 +O(c−6), Sa0α0 =
dxαa0
ds
= Lˆ−1a0
vαa0
c
+O(c−5), (408)
Sa00α = c−1pa0α = c
∂Lˆa0
∂vαa0
+O(c−5), (409)
Sa0αβ = γβǫ
(
γαǫ − c−2( 12vαa0vǫa0 + ωˆαǫa0 − γαǫ
∑
b6=a
Ub
)
+O(c−4)
)
, (410)
where the vector Sa0m0 is defined with respect to the four-velocity of the base geodesic of body a, um = dxma0/ds. As
a result, expressions (404)–(405) can be re-written as
y0a =
∫ x0
x0
0
Lˆa0dx
′0 + S 0a0ǫ rǫa + 12Γ0mnS ma0λ S na0µ rλarµa + 110Γǫµν,0 rǫarµarνa +O(c−6)x0, (411)
yαa = S αa0ǫ rǫa + 12ΓαmnS ma0λ S na0µ rλarµa +O(c−4), (412)
where the important Christoffel symbols on the world-line of body a were calculated to be
Γ00α
∣∣
ra=0
=
1
c2
aa0α +O(c−4), (413)
Γ0αβ
∣∣
ra=0
= − 1
c3
γαλγβµ
{
γλµ
∑
b6=a
U˙b + 2
∑
b6=a
(∂λwˆµb + ∂
µwˆλb ) + 2(v
λ
a0a
µ
a0 + v
µ
a0a
λ
a0)
}
+O(c−5), (414)
Γαβν
∣∣
ra=0
= − 1
c2
{
δαν aa0β + δ
α
βaa0ν − γβνaαa0
}
+O(c−4). (415)
Eqs. (411)–(412) represent an alternative form of the coordinate transformations to those given by Eqs. (404)–(405).
Both sets of equations describe the transformations from the local coordinates of the proper reference system {yma }
centered on the world-line of body a to the global coordinates {xm} centered at the barycenter of the N -body system.
The result that was obtained is quite interesting, as it emphasizes the connection of the coordinate transformations
to the dynamics of the body as described by the Lagrange functional (406). A similar result was derived in [13, 31]
under a set of completely different assumptions. The fact that our results agree with those derived earlier further
demonstrates the validity of our approach to the development of a theory of relativistic coordinate reference systems.
Note that similar expressions could also be derived for the direct transformations (268)–(269).
The presence of Lagrangian-derived quantities in the coordinate transformations Eqs. (411)–(412) can be seen as
a direct consequence of the fact that the dynamics of a test particle were used to identify a ‘good’ proper reference
frame. It is also a strong indication of the self-consistency of the approach that we followed in these derivations.
Beyond such formal considerations, the connection between the dynamical equations governing the motion of a test
particle and the coordinate transformations between its reference frame and a global inertial frame may be worthy of
further study. The results of any such study which we may undertake in the future will be reported elsewhere.
VI. DISCUSSION AND CONCLUSIONS
In this paper we introduced a new approach to find a solution for the N -body problem in the general theory
of relativity in the weak-field and slow motion approximation. The approach is based on solving all three problems
discussed in Sec. I, including finding solutions to global and local problems, as well as developing a theory of relativistic
reference frames. Our objective was to establish the properties of a local frame associated with the world-line of one
of the bodies in the system and to find a suitable form of the metric tensor corresponding to this frame; we achieved
this goal by imposing a set of clearly defined coordinate and physical conditions.
Specifically, we combined a new perturbation theory ansatz introduced in Sec. II C for the gravitational N -body
system. In this approach, the solution to the gravitational field equations in any reference frame is presented as a
sum of three terms: i) the inertial flat spacetime in that frame, ii) unperturbed solutions for each body in the system
transformed to the coordinates of this frame, and iii) the gravitational interaction term. We use the harmonic gauge
conditions that allow reconstruction of a significant part of the structure of the post-Galilean coordinate transformation
functions relating non-rotating global coordinates in the inertial reference frame to the local coordinates of the non-
inertial frame associated with a particular body. The remaining parts of these functions are determined from dynamical
conditions, obtained by constructing the relativistic proper reference frame associated with a particular body. In this
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frame, the effect of external forces acting on the body is balanced by the fictitious frame-reaction force that is needed
to keep the body at rest with respect to the frame, conserving its relativistic three-momentum. We find that this is
sufficient to determine explicitly all the terms of the coordinate transformation. Exactly the same method is then
used to develop the inverse transformations.
Our approach naturally incorporates properties of dynamical coordinate reference systems into the hierarchy of
relativistic reference systems in the solar system and relevant time scales, accurate to the c−4 order. The results
obtained enable us to address the needs of practical astronomy and allow us to develop adequate models for high-
precision experiments. In our approach, an astronomical reference system is fully defined by a metric tensor in a
particular coordinate frame, a set of gravitational potentials describing the gravitational field in that frame, a set of
direct, inverse, and mutual coordinate transformations between the frames involved, ephemerides, and the standard
physical constants and algorithms. We anticipate that the results presented here may find immediate use in many
areas of modern geodesy, astronomy, and astrophysics.
The new results reported in this paper agree well with those previously obtained by other researchers. In fact,
the coordinate transformations that we derived here are in agreement with the results established for both direct
and inverse coordinate transformations given in Refs [13, 16–18] and [10, 14, 15, 19], correspondingly. However, our
approach allows one to consistently and within the same framework develop both direct and inverse transformations,
the corresponding equations of motion, and explicit forms of the metric tensors and gravitational potentials in the
various reference frames involved. The difficulty of this task was mentioned in Ref. [9] when the post-Newtonian motion
of a gravitational N -body system was considered; our proposed formulation successfully resolves this important issue.
As an added benefit, the new approach provides one with a good justification to eliminate the functions δκ, δξ and
δℓ, yielding a complete form for the transformation functions K, L and Qα involved in the transformations (as well
as their “hatted” inverse counterparts).
The significance of our result is that for the first time, a formalism for the coordinate transformation between
relativistic reference frames is provided, presenting both the direct and inverse transformations in explicit form. By
combining inverse and direct transformations, the transformation rules between arbitrary accelerating frames can be
obtained. Furthermore, it is possible to combine direct (or inverse) transformations, and obtain a complete set of
transformations that can be represented by our formalism, as shown explicitly in [12, 20]. This leads to an approximate
finite group structure that extends the Poincare´ group of global transformations to accelerating reference frames. In
fact, we explicitly verified that the two coordinate transformations presented in this work are inverses of each other,
the fact that further supports our method for solving the N -body problem in general theory of relativity.
The results obtained in this paper are designed to facilitate the analysis of relativistic phenomena with ever increas-
ing accuracy. We should note that the approach we presented can be further developed in an iterative manner: if
greater accuracy is desired, the coordinate transformations (37)–(38) can be expanded to include higher-order terms.
Furthermore, the same approach relying on the functional KLQ-parameterization may be successfully applied to the
case of describing the gravitational dynamics of an astronomical N -body system and dynamically rotating reference
frames. This work has begun and the results, when available, will be reported elsewhere.
There are some problems that remain to be solved. One of these is the problem of relativistic rotation. In particular,
it is known that the rotational motion of extended bodies in general relativity is a complicated problem that has no
complete solution up to now. On the other hand, modern observational accuracy of the geodynamical observations
makes it necessary to have a rigorous relativistic model of the Earth’s rotation. The method presented in this paper
may now be used to study the rotation of extended bodies to derive a theory of relativistic rotation within the general
theory of relativity. Our KLQ formalism presented here provides one with the necessary conceptual basis to study
this problem from a very general position and could serve as the foundation for future work. Also, a complete formal
treatment of the case of a system of N extended bodies should be presented. Although this treatment would result in
corrections much smaller to those anticipated in the solar system experiments, they may be important to a stronger
gravitational regime, such as in binary pulsars. This work had been initiated. The results will be reported elsewhere.
Our current efforts are directed towards the practical application of the results obtained in this paper (similar to
those discussed in [7] and [8] in the context of the GRAIL and GRACE-FO missions, correspondingly). We aim to
establish the necessary relativistic models of measurement, equations of motion for the celestial bodies and spacecraft,
as well as the light propagation equations in the different frames involved. We also plan to implement these results
in the form of computer codes for the purpose of high-precision spacecraft navigation and will perform the relevant
scientific data analysis. The analysis of the above-mentioned problems from the standpoint of the new theory of
relativistic astronomical reference systems will be the subject of specific studies and future publications.
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